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ABSTRACT

Performing shortest path queries on a 3D surface is a topic of widespread interest in both

industry and academia. Among different representations of a 3D surface, the most popu-

lar representations are Triangular Irregular Network, i.e., TIN, and point cloud. However, all

existing shortest path query algorithms on a TIN are inefficient, and there is no existing

shortest path query algorithm on a point cloud. In this thesis, we study how to effectively

calculate the shortest path passing on a TIN and a point cloud in three aspects. (1) We

propose an efficient on-the-fly shortest path algorithm answering the shortest path pass-

ing different regions on a weighted TIN, where different regions are assigned different

weights. (2) We propose an efficient updatable shortest path oracle answering the short-

est path query for a set of Points-Of-Interests (POIs) on an updated TIN. (3) We propose an

efficient shortest path oracle answering the shortest path query for a set of POIs on a point

cloud, and an efficient proximity query algorithm using our oracle. Our experimental re-

sults show that they outperform the best-known algorithms or oracles concerning time

and memory.
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CHAPTER 1

INTRODUCTION

Performing the shortest path query on a 3D surface is a topic of widespread interest in

both industry and academia [31, 33, 55, 64, 72, 76, 77, 82]. In industry, Google Earth [3]

and Metaverse [9] utilize shortest paths passing on 3D surfaces (such as Earth and virtual

reality) for route planning. In academia, the shortest path query on a 3D surface is a

prevalent research topic in the field of databases [45, 46, 51, 61, 62, 71, 72, 73, 75, 78, 79, 82,

83].

TIN and point cloud: There are different representations of a 3D surface, including

Triangular Irregular Network, i.e., TIN [72, 76, 77], and point cloud [82]. (1) A TIN contains

a set of contiguous faces each of which is denoted by a triangle. Each face consists of

three edges connecting at three vertices. Figure 1.1 (a) shows a 3D surface in a 20km ×

20km region in Santa Monica Mountains National Recreation Area [63], California, USA.

Figures 1.1 (b) and (c) show a TIN of this surface, and the shortest surface path [46] passing

on (the faces of) and the network path [46] passing on (the edges of) the TIN, respectively.

(2) A point cloud contains a set of points in 3D space (correspond to the vertices of the

TIN). Figure 1.1 (d) shows a point cloud of this surface, and the shortest path passing on a

point cloud (graph). For the point cloud graph, its vertices consist of the points in the point

cloud. Its edges consist of a set of edges between each vertex and its 8 neighbor vertices in

the 2D plane. Each edge’s weight is set to the Euclidean distance between its two vertices.

Figure 1.1 (e) shows a point cloud graph.

Existing studies: There are some existing on-the-fly algorithms [25, 45, 46, 49, 54, 64,

71, 72, 75, 76] for answering shortest path queries on TINs. But, there is no study answer-

ing shortest path queries on point clouds directly. Existing algorithms [59, 65, 86] convert

a point cloud to a TIN via triangulation [37] (where all vertices of faces are points in the

point cloud), and then calculate the shortest path passing on this TIN.
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Figure 1.1. A 3D surface, a TIN and a point cloud

1.1 Motivations

1.1.1 On-the-fly Algorithm for Shortest Path Queries on Weighted TINs

Given a TIN, existing TIN shortest path query algorithms [25, 45, 46, 49, 54, 64, 71, 72,

75, 76] only answer the unweighted shortest path passing on an unweighted TIN, where all

faces of the TIN have the same weights (i.e., their face weights are set to a fixed value,

e.g., 1). They cannot calculate weighted shortest path passing on a weighted TIN, where

each face of the TIN has a weight (e.g., different regions assigned different weights de-

pending on the application nature). The unweighted case is a particular instance of the

weighted case where all face weights are set to a fixed value. We aim to efficiently find the

weighted shortest path passing on a weighted TIN. Figures 1.1 (f) and (g) show weighted

and unweighted shortest paths in the purple and blue lines from source a to destination b.

Computing the weighted shortest path passing on a TIN is involved in numerous applica-

tions with different interpretations of the faces’ weights on the TIN (e.g., water and forest),

including autonomous vehicles’ obstacle avoidance path planning [38, 74] and human’s

route-recommendation systems [69, 78].

2



1.1.2 Oracle for Shortest Path Queries on Updated TINs

1) Usage of oracles Given a TIN, existing TIN shortest path query algorithms [25, 45,

46, 49, 54, 64, 71, 72, 75, 76] are slow, especially when we need to calculate more than one

shortest path with different sources and destinations. But, if we pre-compute the shortest

paths among these possible query points, known as Points-Of-Interests (POIs), by means of

indexing (called an oracle) on a TIN, then we can use the oracle to answer the shortest path

query more efficiently. POIs can be viewing platforms, shelters and hotels in a national

park.

2) Updated TIN Existing algorithms are also slow on an updated TIN. Thus, we also aim

to construct an oracle on an updated TIN. For example, after landslides or earthquakes,

we aim to find the shortest evacuation paths efficiently for life-saving. After marsquake

(observed by NASA’s InSight lander on May 4, 2022 [47]), mars rovers aim to find the

shortest escape paths quickly to avoid damage. If we pre-compute shortest paths (among

viewing platforms, shelters, hotels or Mars rover working stations) using an oracle on

TINs prone to these disasters, and efficiently update the oracle after the disaster, then we

can use it to efficiently return shortest paths. Figures 1.1 (a) and (b) (resp. Figures 1.1

(h) and (i)) show the original and updated shortest path in blue and light blue lines from

source a to destination b on a 3D surface (resp. a TIN) before and after TIN updates.

1.1.3 Oracle for Proximity Queries on Point Clouds

1) Advantages of point cloud Given a point cloud, although we can convert the point

cloud to a TIN and calculate the shortest path passing on this converted TIN using ex-

isting TIN shortest path query algorithms [25, 45, 46, 49, 54, 64, 71, 72, 75, 76], there are

four advantages point clouds compared with TINs, such that we aim at directly calculate

the shortest path passing on a point cloud. (i) More direct access to point cloud data. We

can obtain a point cloud using an iPhone LiDAR scanner in 10s [66] or using a satellite

in 3s for a region of 1km2 [60]. But, a TIN is usually converted from a point cloud via

triangulation [37]. (ii) Lower hard disk usage of a point cloud. We only store point information

of a point cloud, but store vertex, edge and face information of a TIN. (iii) Faster shortest

path query time on a point cloud. Calculating the shortest path passing on a point cloud
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is faster than calculating the shortest surface path passing on a TIN. Since a TIN is more

complicated than a point cloud. (iv) Small distance error of the shortest path passing on a point

cloud (compared with the shortest network path passing on a TIN). In Figures 1.1 (b) and (c), the

shortest surface and network paths passing on a TIN are very different (since each vertex

only connects with 6 neighbor vertices). But, in Figures 1.1 (b) and (d), the shortest surface

path passing on a TIN is similar to the shortest path passing on a point cloud (since each

point connects with 8 neighbor points).

2) Usage of oracles in proximity queries Although calculating the shortest path passing

on a point cloud is faster compared with on a TIN, it is still costly in some proximity

queries [83], including k-Nearest Neighbor (kNN) queries [31, 33, 64, 72, 76, 83] and range

queries [55, 68, 83]. We can pre-compute the shortest paths among POIs using an oracle

on a point cloud, and then we can use the oracle to answer the proximity query more

efficiently.

1.1.4 Example

In January 2025, the wildfire in Southern California, USA [6] affected the Los Angeles

metropolitan area and surrounding regions. Over 30 people have died, and more than

17,000 buildings have been destroyed or damaged. Figure 1.1 (a) shows a 3D surface

of Santa Monica Mountains National Recreation Area [63] affected by this wildfire. In

this case, staffs will evacuate tourists in the mountain to the closest shelters or hotels

immediately for tourists’ safety.

1) On-the-fly algorithm for shortest path queries on weighted TINs In Figures 1.1 (f)

and (g), the 3D surface and the TIN consist of destroyed and non-destroyed regions (faces

with green and gray color). During the wildfire, especially when the fire is very strong,

it is difficult and dangerous to pass through the destroyed region, so we set each TIN

face’s weight to be the damage level [67] (a static value) of each region, i.e., TIN faces of

the destroyed regions will have a larger weight, while the TIN faces of the non-destroyed

regions will have a smaller weight. The purple and blue paths between point a (a view-

ing platform) and point b (a shelter/hotel) have weighted distances of 15.2km and 209km,

respectively, so we choose the blue path that does not pass the destroyed region as the

evacuation path. We cannot pre-compute the paths passing on the weighted TIN before
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the wildfire since we do not know the damage level of the destroyed regions beforehand.

But, after the wildfire, we efficiently calculate the weighted shortest path for evacuation.

2) Oracle for shortest path queries on updated TINs Since the wildfire also causes land-

slides [7], resulting the changes to the TIN. If the fire is not strong but causes a landslide,

there is no need to consider the destroyed and non-destroyed regions on the weighted

TIN, but we need to calculate paths passing on the updated TIN. In Figures 1.1 (h) and

(i), the 3D surface and the TIN consist of updated faces (faces with yellow color). When

we need to calculate more than one shortest path with different sources and destinations

among POIs a to d (viewing platform or shelter/hotel), we can build an oracle before

the wildfire. After the landslide, we efficiently update the oracle and use it to efficiently

answer the shortest path query for evacuation.

3) Oracle for proximity queries on point clouds If we can start the evacuation earlier

when the fire just started, there is no need to consider the destroyed and non-destroyed

regions on the weighted TIN, and no need to consider the updated TIN. We can use the

point cloud for faster calculation. In Figure 1.1 (a), when the number of tourists is large

and the capacity of each shelter/hotel is limited, we need to find the shortest paths (in

blue and yellow lines) from POI a (one of the viewing platforms) to its k-nearest POIs b

to d (k-nearest shelters/hotels). In Figures 1.1 (d), POIs b and c are the k-nearest POIs to

POI a where k = 2. We build an oracle on the point cloud and use it to efficiently answer

proximity queries for evacuation.

1.2 Three Studies

There are three studies in this thesis. Firstly, we investigate shortest path queries on a

weighted TIN using an on-the-fly algorithm, published in MDM 2024 [79]. Secondly, we

explore shortest path queries on an updated TIN using an oracle, published in TKDE

2024 [84]. Thirdly, we examine proximity queries on a point cloud using an oracle, pub-

lished in SIGMOD 2024 [82]. We list these three studies as follows.

• Yinzhao Yan and Raymond Chi-Wing Wong,

“Efficient Shortest Path Queries on 3D Weighted Terrain Surfaces for Moving Objects”,
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the 25th IEEE International Conference on Mobile Data Management (MDM 2024),

Brussels, Belgium on 24-27 June, 2024 (Acceptance 21/78 = 26.92%),

Selected as the best paper (out of 21 accepted papers)

• Yinzhao Yan, Raymond Chi-Wing Wong and Christian S. Jensen,

“An Efficiently Updatable Path Oracle for Terrain Surfaces”,

IEEE Transactions on Knowledge and Data Engineering (TKDE), 2024

• Yinzhao Yan and Raymond Chi-Wing Wong,

“Proximity Queries on Point Clouds using Rapid Construction Path Oracle”,

the 2024 ACM Conference on Management of Data (SIGMOD), Santiago, Chile on

9-15 June, 2024

The high-level problems of these three studies are the same, i.e., we study the shortest

path queries on a 3D surface. We then present our contribution of these three studies as

follows.

1.2.1 On-the-fly Algorithm for Shortest Path Queries on Weighted TINs

1) Snell’s Law Before we present our study, we give the concept of Snell’s law, which

is an important geometric information of the TIN and can be applied to calculating the

weighted shortest path passing on the weighted TIN. In Physics, when a light ray passes

the boundary between two different media (e.g., air and glass), it bends at the boundary

since light seeks the path with the minimum time. The incidence angle and refraction

angle for the light satisfy Snell’s law [53] (see Figures 1.2 (a) and (b)). In Figure 1.2 (a), if all

faces have the same weights (=1), the blue line is the (unweighted) shortest path. When

faces f1 and f2 have weights 3 and 2, the purple line with a weighted distance of 4 that

satisfies Snell’s law is the weighted shortest path, but the weighted distance of the blue

line is 5.2 > 4. Figure 1.2 (b) shows a similar example.

2) Challenges There is no algorithm capable of calculating the exact shortest path pass-

ing on the weighted TIN when the number of faces in the weighted TIN exceeds two [30].

Existing algorithms [20, 43, 45, 49, 69] can only solve it on-the-fly approximately. Even the

best-known (1 + ϵ)-approximate algorithm [43, 49] for calculating the weighted shortest

6
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Figure 1.2. An illustration of Snell’s law

path is slow, since it does not utilize any geometric information on the weighted TIN. Our

experimental results show that it needs more than one day for querying.

3) Our algorithm We propose an efficient two-step (1+ϵ)-approximate on-the-fly short-

est path algorithm that answers the shortest path query on a weighted TIN called Rough-

Refine, i.e., Roug-Ref, where ϵ > 0 is called the error parameter. Algorithm Roug-Ref is

a step-by-step algorithm involving algorithm Roug and algorithm Ref. Algorithm Roug-

Ref achieves outstanding performance concerning the query time and memory usage due

to the rough-refine concept, i.e., (i) a novel pruning step in algorithm Roug during the

rough path calculation with error guarantee (achieved by transferring the pruned-out in-

formation from algorithm Roug to algorithm Ref, and after conducting necessary checks

in algorithm Ref, there is no need to perform calculations on the pruned-out information

anymore), (ii) an efficient reduction of the search area in algorithm Roug before Snell’s law

refinement (achieved by the calculation of the rough path), and (iii) the usage of Snell’s law

in algorithm Ref for efficient refinement.

We have four additional novel techniques for further speedup, including (i) an efficient

Steiner point placement scheme in algorithm Roug for reducing the number of Steiner

points during the rough path calculation (achieved by considering geometric information

of each face on the weighted TIN, such as face weight, internal angle and edge length), (ii)

a progressive approach in algorithm Ref for minimizing the search area before Snell’s law

refinement (achieved by progressively exploring the local search area instead of directly

using the global search area), (iii) an effective weight pruning technique in algorithm Ref

for faster processing during Snell’s law refinement (achieved by considering additional

information on the weighted TIN), and (iv) a novel error guaranteed pruning technique in

algorithm Ref for handling rare cases when we are unable to use Snell’s law to refine a

7



rough path to a (1 + ϵ)-approximate weighted shortest path, and then an additional step

is required for error guarantee, but the algorithm total query time will not increase a lot

(achieved by re-using the calculated information in algorithm Roug).

4) Contributions We summarize our major contributions.

(i) We propose algorithm Roug-Ref, which is the first algorithm that efficiently answers

shortest path queries on a weighted TIN, since the rough-refine concept and four addi-

tional techniques are absent in algorithms [20, 43, 45, 49, 69].

(ii) We provide theoretical analysis on the query time, memory usage and error bound

of our algorithm.

(iii) Our experimental results show that our algorithm is up to 1,630 times faster than

the best-known algorithm [43, 49] on benchmark real datasets with the same error ratio.

For a TIN with 50k faces with ϵ = 0.1, our algorithm runs in 73s ≈ 1.2 min and uses 43MB

of memory, but the best-known (1 + ϵ)-approximate algorithm [43, 49] runs in 119,000s ≈

1.5 days and uses 2.9GB of memory.

1.2.2 Oracle for Shortest Path Queries on Updated TINs

1) P2P and AR2AR query Consider a set of POIs on a TIN. We study the shortest path

query between a pair of objects X and Y. (i) In the POI-to-POI (P2P) query, both X and

Y are POIs. (ii) In the ARbitrary point-to-ARbitrary point (AR2AR) query, i.e., POIs are not

given as input, both X and Y are arbitrary points on the TIN. The first two rows in Table 1.1

illustrate this.

Table 1.1. P2P, AR2AR and A2A queries
Query Source Destination 3D surfaces
P2P POI POI TIN/point cloud
AR2AR arbitrary pointa arbitrary pointa TIN
A2A any pointb any pointb point cloud

Remark: aon (the faces of) a TIN in continuous space, and
bon (a set of points of) a point cloud in discrete space.

2) Challenges (i) All existing TIN on-the-fly shortest path query algorithms [25, 45, 46,

49, 54, 64, 71, 72, 75, 76, 79] are slow when many shortest path queries are involved. Our

experimental results show that they run for more than one day. (ii) Existing studies [43, 71,

8



72, 82] can construct oracles on static TINs, but no study can accommodate updated TINs.

When a TIN is updated, straightforward adaptations of the best-known oracles [71, 72, 43]

for the P2P and AR2AR queries on a TIN must re-construct the oracles. Our experimental

results show that their oracle construction time is 7 to 10 hours.

3) Our oracle We propose an efficiently updatable (1 + ϵ)-approximate shortest path

oracle that answers the P2P shortest path query on an updated TIN called Updatable Path

Oracle, i.e., UP-Oracle. UP-Oracle can be easily adapted to answering AR2AR queries on

Taft (we denote it as UP-Oracle-AR2AR).

(i) Achieving a short oracle update time. The ideas for achieving a short oracle update

time of UP-Oracle follow from a novel property and the useful information on Tbef. (a) The

property is the non-updated TIN shortest path intact property. It implies that given a path

between two POIs u and v passing on Tbef (with distance d), if the distances from both

u and v to the updated faces are large enough (i.e., both larger than d
2 ), then the path

between u and v passing on Taft remains the same and does not need to be updated. (b)

The useful information is the stored pairwise P2P exact shortest paths passing on Tbef when

UP-Oracle is constructed. The exact shortest distances are no larger than the approximate

shortest distances. So given an exact (resp. approximate) shortest path with two POIs u

and v on Tbef, based on the property, it is likely (resp. unlikely) that the distances from both

u and v to the updated faces are both larger than half of the exact (resp. approximate)

length of this path, and it reduces (resp. increases) the likelihood of updating this path

passing on Taft.

(ii) Efficiently achieving a small output size. Although we have the pairwise P2P ex-

act shortest paths passing on Taft, we aim to return fewer paths to reduce the output size

(i.e., the space complexity of the output oracle). In the landslide and earthquake example,

after disasters, since it is time-consuming to build evacuation paths in the damaged re-

gion, fewer paths imply that the total time to build evacuation paths is smaller, enabling

the rescue teams to focus on saving lives. In the marsquake example, we cannot store the

pairwise paths in rovers due to their limited memory size. That is, given a complete graph

(with the POIs as vertices and with the exact shortest paths between POIs on Taft as edges),

we hope that UP-Oracle can efficiently generate a sub-graph of it with a small output size.

We propose an algorithm called Hierarchy Greedy Spanner, i.e., HGSpan, to solve it.

9



4) Contributions We summarize our major contributions.

(i) We propose UP-Oracle, which is the first oracle that efficiently answers shortest path

queries on an updated TIN. We also develop an efficient algorithm HGSpan for reducing

the output size of UP-Oracle, and we adapt UP-Oracle for handling subsequent changes,

adapt UP-Oracle to UP-Oracle-AR2AR for AR2AR queries, and adapt UP-Oracle to a multi-

layer structure called UP-Oracle Multi Layer, i.e., UP-Oracle-MuLa.

(ii) We provide theoretical analysis of the oracle construction time, oracle update time,

output size, shortest path query time and error bound for these oracles.

(iii) UP-Oracle and UP-Oracle-AR2AR outperform the best-known oracle [72, 71] for

the P2P query and the best-known oracle [43] for the AR2AR query on TINs concerning

the oracle update time, output size and shortest path query time. Our experimental results

show that for the P2P query on a TIN with 0.5M faces and 250 POIs, when computing 100

shortest paths with different sources and destinations, these values for UP-Oracle are 400s

≈ 6.7 min, 22MB and 0.1s, but for the best-known oracle [72, 71] are 35,100s ≈ 9.8 hours,

250MB and 0.3s, respectively. (iii) For the AR2AR query on a TIN with 20k faces with the

same query, these values for UP-Oracle-AR2AR are 480s ≈ 7 min, 3MB and 0.05s, but for

the best-known oracle [43] are 7,100s ≈ 2 hours, 150MB and 5s, respectively.

1.2.3 Oracle for Proximity Queries on Point Clouds

1) P2P and A2A query Similar to TIN, we have similar queries on a point cloud. But,

since a point cloud does not have a face, we change “arbitrary point on (the faces of) the

TIN” to “any point on (a set of points of) the point cloud”, to obtain Any point-to-Any point

(A2A) query on the point cloud. “Arbitrary point on the TIN” comes from a continuous

space (i.e., the faces of the TIN), and “any point on the point cloud” comes from a discrete

space (i.e., a set of a certain number of points of the point cloud). The AR2AR query on

the TIN is more general than the A2A query on the point cloud since an object may lie on

the face of the TIN. The P2P query is the same on both TIN and point cloud. The first and

third rows in Table 1.1 illustrate this. For P2P and A2A queries, we also have kNN and

range queries among a query object X and target objects Y on a point cloud, where X and

Y have the same definition mentioned above.
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2) Challenges (i) There is no study answering shortest path query on a point cloud on-

the-fly directly. Existing algorithms [59, 65, 86] convert a point cloud to a TIN, and then

calculate the shortest path passing on this TIN using algorithms [25, 45, 46, 49, 54, 64, 71,

72, 75, 76]. Our experimental results show that they need several days for kNN or range

queries. (ii) There is no study answering shortest path query on a point cloud using oracles

directly. The only closely related works are oracles [71, 72, 43] on a TIN. We can adapt

them to a point cloud by converting the point cloud to a TIN, and then constructing these

oracles on this TIN. But, the best-known adapted TIN oracles [71, 72, 43] for the P2P and

A2A queries on a point cloud have a large oracle construction time. This is because their

loose criterion for algorithm earlier termination drawback. That is, although they provide a

criterion to terminate their algorithms earlier, the criterion is not tight. Our experimental

results show that their oracle construction time is half to one day.

3) Our oracle and proximity query algorithms We propose an efficient (1 + ϵ)-

approximate shortest path oracle that answers the P2P shortest path query on a point

cloud called Rapid Construction path Oracle, i.e., RC-Oracle. RC-Oracle can be easily adapted

to answer the A2A shortest path query on the point cloud if POIs are not given as input

(we denote it as RC-Oracle-A2A). Based on them, we develop efficient (1+ϵ)-approximate

proximity query algorithms. We introduce the key idea of the small oracle construction

time of RC-Oracle.

(i) Rapid point cloud on-the-fly shortest path query algorithm. When constructing

RC-Oracle, we propose algorithm Fast on-the-Fly shortest path query, i.e., FastFly, which is

a Dijkstra-based algorithm [34] returning its calculated shortest path passing on a point

cloud. It can significantly reduce the algorithm’s shortest path query time, since comput-

ing the shortest path passing on a TIN is expensive.

(ii) Rapid oracle construction. When constructing RC-Oracle, we use algorithm Fast-

Fly, i.e., a Single-Source All-Destination (SSAD) algorithm [25, 73, 45, 79, 46], to calculate the

shortest path passing on the point cloud from for each POI to other POIs simultaneously,

and set tight earlier termination criterion for different POIs.

4) Contributions We summarize our major contributions.

(i) We propose RC-Oracle, which is the first oracle that efficiently answers shortest

path queries on a point cloud. We also propose algorithm FastFly used for constructing
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RC-Oracle, and develop efficient proximity query algorithms using RC-Oracle.

(ii) We provide theoretical analysis on the oracle construction time, oracle size (i.e., the

space complexity of the oracle), shortest path query time and error bound of RC-Oracle.

We also provide theoretical analysis on the query time and error bound of algorithm Fast-

Fly and proximity query algorithms.

(iii) RC-Oracle, RC-Oracle-A2A and the proximity query algorithm perform much bet-

ter than the best-known adapted TIN oracle [71, 72] for the P2P query and the best-known

adapted TIN oracle [43] for the A2A query on a point cloud concerning the oracle con-

struction time, oracle size and proximity (e.g., kNN) query time. Our experimental results

show that for the P2P query on a point cloud with 2.5M points and 500 POIs, these values

for RC-Oracle are 200s≈ 3.2 min, 50MB and 12.5s, but for the best-known adapted TIN or-

acle [71, 72] are 78,000s ≈ 21.7 hours, 1.5GB and 150s, respectively. For the A2A query on

a point cloud with 100k points and 5000 objects, these values for RC-Oracle-A2A are 100s

≈ 1.6 min, 150M and 0.25s, but for the best-known adapted TIN oracle [43] are 50,000s ≈

13.9 hours, 21GB and 12.5s.

1.3 Organizations

The remainder of this thesis is organized as follows. Chapter 2 covers the related work,

Chapter 3 studies shortest path queries on a weighted TIN using an on-the-fly algorithm,

Chapter 4 studies shortest path queries on a TIN using an oracle, Chapter 5 studies prox-

imity queries on a point cloud using an oracle, and Chapter 6 concludes this thesis with

future directions.
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CHAPTER 2

RELATED WORK

This chapter studies the related work to our three studies. Chapter 2.1 covers the related

work of the on-the-fly algorithm for shortest path queries on weighted TINs. Chapter 2.2

covers the related work of the oracle for shortest path queries on updated TINs. Chap-

ter 2.3 covers the related work of the oracle for proximity queries on point clouds.

2.1 On-the-fly Algorithm for Shortest Path Queries on
Weighted TINs

2.1.1 On-the-fly Algorithms on Weighted TINs

Consider a weighted TIN T with N vertices. T contains a set of vertices V , edges E and

faces F. Two types of algorithms can compute the shortest path passing on a weighted

TIN on-the-fly.

1) Steiner point approach Algorithms [20, 43, 45, 49] use Dijkstra’s algorithm on a

weighted graph constructed by Steiner points and V to calculate an approximate weighted

shortest path. Algorithm Fixed Steiner Point (FixSP) [43, 49] and algorithm Fixed Steiner

Point No Weight Adaption (FixSP-NoWei-Adp) [45] calculates the result path with an error

ratio (1+ ϵ), and algorithm Logarithmic Steiner Point (LogSP) [20] calculates the result path

with an error ratio much larger than (1+ ϵ). (i) Algorithm FixSP places a uniform number

of Steiner points (i.e., O(N2)) on each edge. It runs in O(N3 logN) time and is regarded

as the best-known (1+ ϵ)-approximate algorithm for calculating the shortest path passing

on the weighted TIN. (ii) Algorithm [45] also places a uniform number of Steiner points

on each edge, but it was originally designed in the unweighted case. We adapt it to be

algorithm FixSP-NoWei-Adp [45] in the weighted case by assigning each face a weight.

Then, it runs in O(N3 logN) time and it is equivalent to FixSP. (iii) In algorithm LogSP,

given an error parameter ϵ ′ > 0 that determines how far the Steiner points are placed
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(different from our ϵ that controls the distance error bound), it places O(log c
ϵ ′ ) Steiner

points on each edge non-uniformly, i.e., places more Steiner points near a vertex, and has

a distance error ratio (1+(2+ 2W
(1−2ϵ ′)·w)ϵ

′), where c ∈ [0.2, 1] is a constant that depends on

T , W is the maximum weight of the face in F and w is the minimum weight of the face in

F. We adapt it to be algorithm LogSP-Adp that runs in O(N log c
ϵ log(N log c

ϵ)) time, such

that given ϵ, we can place Steiner points using ϵ and have a distance error ratio (1 + ϵ),

by finding the relationship between ϵ and ϵ ′, so these two algorithms can place the same

number of Steiner points on each edge, and their distance error ratios are the same, i.e.,

1 + (2 + 2W
(1−2ϵ ′)·w)ϵ

′ = 1 + ϵ, and get ϵ ′ =
1+ϵ+W

w −
√

(1+ϵ+W
w )2−4ϵ

4 . Although we can change

Dijkstra’s algorithm in these algorithms to A* algorithm [41], it is not our focus since the

latter is a heuristic algorithm without any error guarantee. This also applies to the rest of

Dijkstra’s algorithm in this thesis.

Drawbacks of algorithm FixSP and FixSP-NoWei-Adp: They are very slow due to

two reasons. (i) Absence of Snell’s law: They do not utilize any geometric information

between two adjacent faces in F that contain the same edge on T , i.e., Snell’s law. So, they place

many Steiner points on edges in E. But, we utilize Snell’s law to avoid this. (ii) Uniform

number of Steiner points on each edge: They do not utilize any geometric information of

each face in F on T , such as face weight, internal angle and edge length, and always place

a uniform number of Steiner points (i.e., O(N2)) on each edge (the distance between a

pair of adjacent Steiner points on the same edge is the same) to bound the error. But, we

utilize this information and place only O(log c ′) Steiner points on each edge (the distance

between a pair of adjacent Steiner points on the same edge is different), where c ′ ∈ [2, 5]

is a constant that depends on T and ϵ. Our experimental results show that for a TIN with

50k faces and ϵ = 0.1, Roug-Ref just places 10 Steiner points on each edge to find a rough

path in 71s ≈ 1.2 min, and finds a refined path in 2s, but both FixSP and FixSP-NoWei-Adp

place more than 600 Steiner points on each edge to find the result path in 119,000s ≈ 1.5

days.

Drawback of algorithm LogSP and LogSP-Adp: (i) LogSP has the larger distance error

ratio drawback, since its distance error ratio is always larger than that of other algorithms,

making it difficult to compare with other algorithms. (ii) Both of them also have the absence

of Snell’s law drawback. In the same experimental setting of the previous paragraph, Roug-

14



Ref runs in 73s ≈ 1.2 min, but LogSP-Adp runs in 220s ≈ 3.7 min.

2) Edge sequence approach Algorithm Edge Sequence (EdgSeq) [69] uses FixSP with only

slight variations (i.e., places a uniform and constant number of Steiner points, e.g., 3 and

not O(N2), on each edge) to calculate a path without error guarantee, and then uses Snell’s

law on the edge sequence passed by this path based on T to calculate a shorter path. We

adapt it to be algorithm EdgSeq-Adp, that uses FixSP to calculate a (1 + ϵ)-approximate

shortest path, and then uses Snell’s law on the edge sequence of this path to compute a

shorter path that runs in O(N3 logN+N4 log(N
2IWL
wϵ )) time, where L is the longest length

of edges in T , and I is the minimum integer which is no less than the coordinate value of

any vertex in V .

Drawbacks of algorithm EdgSeq and EdgSeq-Adp: (i) EdgSeq does not have an error

guarantee of the returned path’s distance with a given time limit. (ii) EdgSeq-Adp is still

very slow due to two reasons. (a) Absence of pruning technique for the edge sequence finding:

It uses Snell’s law after FixSP, so its query time is an additive result of the query time

of FixSP and usage of Snell’s law. But, we use a pruning technique to further prune out

more than half of the Steiner points. (b) Absence of pruning technique when using Snell’s

law: It solely uses binary search in Snell’s law on the edge sequence. But, we use effective

weight information of T for pruning. In the same experimental setting of the previous

three paragraphs, EdgSeq-Adp runs in 131,000s ≈ 1.7 days, but Roug-Ref runs in 73s ≈ 1.2

min. If we substitute FixSP to LogSP-Adp in EdgSeq-Adp, the new algorithm has the same

drawback as of EdgSeq-Adp, and its query time is always larger than that of LogSP-Adp, so

there is no need to consider this adaptation.

2.1.2 On-the-fly Algorithms on Unweighted TINs

Algorithm [73] is the best-known exact on-the-fly algorithm for the unweighted shortest

path calculation, but there is no known algorithm that can adapt it to the weighted case,

and it is not our focus.
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2.2 Oracle for Shortest Path Queries on Updated TINs

2.2.1 On-the-fly Algorithms on TINs

Consider a TIN T with N vertices. Two types of algorithms can compute the shortest path

passing on a TIN on-the-fly.

1) Exact algorithms The running times of the four exact algorithms [25, 44, 73, 75]

are O(N log2 N), O(N2), O(N2) and O(N2 logN), respectively. They are SSAD algo-

rithms [25, 43, 44, 71, 73, 75], i.e., given a source, they can calculate the shortest path from

it to all other vertices simultaneously. According to existing studies [43, 71, 64, 76], algo-

rithm [44] that runs in O(N log2 N) time is hard to implement (no implementation exists).

So, the implementable algorithm WAVefront on-the-Fly Algorithm (WAV-Fly-Algo) [25, 73]

that runs in O(N2) time is recognized as the practical algorithm of choice. It uses a contin-

uous version of Dijkstra’s algorithm and needs to consider continuous points on the edges

of the TIN by unfolding the 3D TIN into a 2D plane (which is not needed in the plain Di-

jkstra’s algorithm) during wavefront propagation, so its running time cannot be reduced

to O(N logN) in the plain Dijkstra’s algorithm. WAV-Fly-Algo comes in two variants with

the same time complexity: an initial version [25] and an extended version [73] with better

empirical running time.

2) Approximate algorithms Approximate algorithms [45, 46, 51, 79] aim to reduce the

running time. The best-known approximate algorithm Efficient Steiner Point on-the-Fly

Algorithm (ESP-Fly-Algo) [45, 79] on TINs places Steiner points on edges in E, and then con-

structs a graph using these points and V to calculate a (1 + ϵ)-approximate shortest path

passing on a TIN using Dijkstra’s algorithm. It runs in O( lmaxN
ϵlmin

√
1−cos θ

log( lmaxN
ϵlmin

√
1−cos θ

))

time, where lmax (resp. lmin) is the longest (resp. shortest) length of edges in T , and θ is

the minimum angle of the face in F. Algorithm [45] runs on an unweighted TIN and algo-

rithm [79] runs on a weighted TIN where each TIN face has a weight. They are the same

if we set each face’s weight in algorithm [79] to be 1, so we regard them as one algorithm.

Drawback: All these algorithms are inefficient for computing multiple shortest path

queries. Our experimental results show that WAV-Fly-Algo and ESP-Fly-Algo need 11,600s

≈ 3.2 hours and 8,600s ≈ 2.4 hours to compute 100 paths with different sources and desti-
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nations on a TIN with 0.5M faces, respectively.

2.2.2 Oracles on TINs

The Space Efficient Oracle (SE-Oracle) [71, 72] (resp. the Efficiently ARbitrary pints-to-arbitrary

points Oracle (EAR-Oracle) [43]) is regarded as the best-known oracle for answering ap-

proximate P2P (resp. AR2AR) queries on TINs. Further, an existing oracle [82], origi-

nally designed for answering approximate P2P queries on point clouds, can be adapted to

the Rapid-Constuction TIN Oracle (RC-TIN-Oracle) for answering approximate P2P queries

on TINs [82]. Yet, no existing oracle can accommodate updated TINs, where the oracle

needs to be updated efficiently. A straightforward adaptation is to re-construct them from

scratch when the TIN is updated. A smart adaptation is to leverage Property 1 in UP-

Oracle, such that we only re-calculate the paths passing on Taft that require updating to

reduce the oracle update time. We denote the adapted oracles as SE-UP-Oracle, EAR-UP-

Oracle and RC-TIN-UP-Oracle.

1) SE-Oracle and SE-UP-Oracle These use a compressed partition tree, algorithm SSAD

and well-separated node pair sets to index the (1 + ϵ)-approximate pairwise P2P shortest

paths. (i) SE-Oracle’s oracle construction time, output size and shortest path query time is

O(nN
2

ϵ2β + nh
ϵ2β +nh logn), O( nh

ϵ2β ) and O(h2), respectively, where n is the number of POIs on

the TIN, h is the compressed partition tree’s height and β ∈ [1.5, 2] is the largest capacity

dimension [71, 72]. (ii) SE-UP-Oracle’s oracle update time is O(µ1N
2 +n log2 n), where µ1

is a data-dependent variable, and µ1 ∈ [5, 20] in our experiments.

2) EAR-Oracle and EAR-UP-Oracle These use the same idea as SE-Oracle and SE-UP-

Oracle, i.e., well-separated node pair sets. Their differences are that they adapt SE-Oracle

and SE-UP-Oracle from the P2P query to the AR2AR query by using Steiner points on the

TIN faces and using highway nodes (i.e., not POIs in SE-Oracle and SE-UP-Oracle) for well-

separated node pair sets construction. (i) EAR-Oracle’s oracle construction time, output

size and shortest path query time is O(λξ(mN)2 + N3

ϵ2β + Nh
ϵ2β +Nh logN), O(λmN

ξ + Nh
ϵ2β )

and O(λξ log(λξ)), respectively, where λ is the number of highway nodes in one square,

ξ is the number of boxes under square root, and m is the number of Steiner points on

each face. (ii) EAR-UP-Oracle’s oracle update time is O(µ2N
2 + n log2 n), where µ2 is a
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data-dependent variable, and µ2 ∈ [12, 45] in our experiments.

3) RC-TIN-Oracle and RC-TIN-UP-Oracle These use path and endpoint map tables to in-

dex the (1 + ϵ)-approximate pairwise P2P shortest paths. (i) RC-TIN-Oracle’s oracle con-

struction time, output size and shortest path query time is O(
nN logN

ϵ + n logn), O(nNϵ )

and O(1), respectively. (ii) RC-TIN-UP-Oracle’s oracle update time is O(µ3N
2 + n log2 n),

where µ3 is a data-dependent variable, and µ3 ∈ [30, 65] in our experiments.

Drawbacks: (1) SE-Oracle, EAR-Oracle and RC-TIN-Oracle only support the static TIN

and do not address how to update the oracle on an updated TIN, since they do not uti-

lize Property 1. (2) Although SE-UP-Oracle, EAR-UP-Oracle and RC-TIN-UP-Oracle utilize

Property 1, they do not fully utilize it. Since they only store the pairwise P2P approximate

shortest paths passing on Tbef, the oracle update time remains large. (3) In the P2P query,

the oracle update time for SE-Oracle, SE-UP-Oracle, RC-TIN-Oracle, RC-TIN-UP-Oracle and

UP-Oracle are 35,100s ≈ 9.8 hours, 8,400s ≈ 2.4 hours, 28,100s ≈ 7.5 hours, 10,100s ≈ 2.9

hours and 400s ≈ 6.7 min on a TIN dataset with 0.5M faces and 250 POIs, respectively. In

the AR2AR query, the oracle update time for EAR-Oracle, EAR-UP-Oracle and UP-Oracle-

AR2AR are 7,100s≈ 2 hours, 4,300s≈ 1.2 hours and 480s≈ 7 min on a TIN with 20k faces,

respectively.

2.2.3 Oracles on Road Networks

There are some existing studies [19, 39] focusing on using oracles on road networks with

landmark-based ideas. However, they are heuristic approaches without an error guaran-

tee, so they are not our main focus. There are also some existing studies [42, 70] focusing

on using oracles on updated road networks. However, they do not have the theoretical

worst case oracle update time. Instead, they only provide a theoretical oracle update time

with high probability, so they are also not our main focus.

2.2.4 Sub-graph Generation Algorithms

Given a complete graph and ϵ, algorithm Greedy Spanner (GSpan) [21] that runs in

O(n3 logn) time is the best-known (1 + ϵ)-sub-graph generation algorithm. A (1 + ϵ)-
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sub-graph has the property that the distance between any pair of its vertices is at most

(1 + ϵ) times the exact distance. Given a (1 + ϵ ′)-sub-graph and ϵ, where ϵ ⩾ ϵ ′ > 0,

algorithm Sparse Greedy Spanner (SGSpan) [29] uses a simpler structure to approximate the

internal graph for faster processing and generates a (1 + ϵ)-sub-graph.

Drawbacks: (1) Algorithm GSpan is very slow since it does not use any simpler struc-

ture to approximate the internal graph when performing Dijkstra’s algorithm [34] on the

sub-graph. (2) Although algorithm SGSpan uses a simpler structure for approximation, it

cannot take a complete graph, i.e., ϵ ′ = 0, as input. If we force ϵ ′ = 0, algorithm SGSpan

degenerates to algorithm GSpan. (3) On a TIN with 0.5M faces and 500 POIs, algorithm

HGSpan uses 24s to generate a (1 + ϵ)-sub-graph of size 44MB, but algorithm GSpan uses

101s to generate a (1 + ϵ)-sub-graph of size 41MB.

2.3 Oracle for Proximity Queries on Point Clouds

2.3.1 On-the-fly Algorithms on Point Clouds

Consider a point cloud C with N points. There is no study answering shortest path query

on a point cloud on-the-fly directly. Existing algorithms [59, 65, 86] convert a point cloud

to a TIN T in O(N) time, and then calculate the shortest path passing on this TIN [25, 45,

46, 49, 54, 64, 71, 72, 75, 76], which are very slow. There are two types of TIN shortest path

query algorithms, i.e., (1) the shortest surface path [25, 45, 49, 54, 75] and (2) the shortest

network path [46] query algorithms.

1) TIN shortest surface path query algorithms There are two more sub-types. (i) Exact

algorithms: Algorithm [54] (resp. algorithm [75]) uses continuous Dijkstra (resp. checking

window) algorithm to calculate the result in O(N2 logN) (resp. O(N2 logN)) time, and the

best-known TIN exact shortest surface path query algorithm Chen and Han, i.e., algorithm

CH [25] (as recognized by [45, 46, 64, 76]) unfolds the 3D TIN into a 2D TIN, and then

connects the source and destination using a line segment on this 2D TIN to calculate the

result in O(N2) time. (ii) Approximate algorithms: All algorithms [45, 49] place discrete

points (i.e., Steiner points) on edges of a TIN, and then construct a graph using these

Steiner points together with the original vertices to calculate the result. The best-known
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TIN (1 + ϵ)-approximate shortest surface path query algorithm, i.e., algorithm Kaul [45]

(as recognized by [71, 72]) runs in O( lmaxN
ϵlmin

√
1−cos θ

log( lmaxN
ϵlmin

√
1−cos θ

)) time.

2) TIN shortest network path query algorithm Since the shortest network path passing

on TIN is the shortest surface path restricted on passing along edges of the TIN without

traversing the faces of the TIN, it is an approximate path. The best-known TIN approx-

imate shortest network path query algorithm Dijkstra, i.e., algorithm Dijk [46] runs in

O(N logN) time.

Adaptations: Given a point cloud, we adapt algorithms CH [25], Kaul [45] and Dijk [46]

to be algorithms CH-Adapt, Kaul-Adapt and Dijk-Adapt, by first converting the point cloud

to a TIN, and then compute the corresponding shortest path passing on the TIN. Since we

regard the shortest path passing on a point cloud as the exact shortest path, they return

the approximate shortest path passing on a point cloud.

Drawbacks of the on-the-fly algorithms: Although we can pre-process the point cloud

and store the generated TIN as a data structure in the memory, all these algorithms are still

time-consuming. Since the time for calculating the shortest path passing on a TIN is 102

to 105 times larger than the time for converting a point cloud to a TIN. Thus, the latter

time can be neglected. Our experimental results show algorithm CH-Adapt, Kaul-Adapt

and Dijk-Adapt first needs to convert a point cloud with 2.5M points to a TIN in 21s, and

then perform the kNN query for all 500 objects on this TIN in 290,000s≈ 3.4 days, 161,000s

≈ 1.9 days and 3,990s ≈ 1.1 hours, respectively. Performing the same query for algorithm

FastFly on the point cloud needs 4,000s ≈ 1.1 hours.

2.3.2 Oracles for the Shortest Path Query on Point Clouds

There is no study answering shortest path query on a point cloud using oracles directly.

The only closely related works are oracles on a TIN. Specifically, Space Efficient Oracle (SE-

Oracle) [71, 72] answers P2P shortest path queries on a TIN using an oracle. Efficiently

ARbitrary points-to-arbitrary points Oracle (EAR-Oracle) [43] answers AR2AR shortest path

queries on a TIN using an oracle. They store TIN shortest surface paths. By performing a

linear scan using the shortest path query results, they can answer other proximity queries.

Adaptations: Given a point cloud, we adapt SE-Oracle [71, 72] and EAR-Oracle [43] to
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be SE-Oracle-Adapt and EAR-Oracle-Adapt by first converting the point cloud to a TIN, and

then construct these oracles on the TIN.

1) SE-Oracle-Adapt It uses a compressed partition tree [71, 72] and well-separated node pair

sets [24] to index the (1 + ϵ)-approximate pairwise P2P shortest surface paths passing on

the converted TIN. Its oracle construction time, oracle size and shortest path query time

are O(nN
2

ϵ2β + nh
ϵ2β + nh logn), O( nh

ϵ2β ) and O(h2), respectively, where n is the number of

POIs on the point cloud. It is regarded as the best-known adapted TIN oracle for the P2P

query on a point cloud.

Drawbacks of SE-Oracle-Adapt: Its oracle construction time is large due to the loose

criterion for algorithm earlier termination. For POIs in the same level of the compressed

partition tree, they have the same earlier termination criteria, which are not tight for some

of such POIs. Even after the SSAD algorithm has visited most POIs, its earlier termination

criterion is still not reached. But, in RC-Oracle, we have tight earlier termination criteria for

each different POI, to minimize the running time of the SSAD algorithm. In the P2P query

on a point cloud, for a point cloud with 2.5M points and 500 POIs, the oracle construction

time of SE-Oracle-Adapt is 78,000s≈ 21.7 hours, while RC-Oracle just needs 200s≈ 3.2 min.

2) EAR-Oracle-Adapt It also uses well-separated node pair sets, which is similar to

SE-Oracle-Adapt. But, EAR-Oracle-Adapt adapts SE-Oracle-Adapt from the P2P query on

a point cloud to the A2A query on a point cloud by using Steiner points on the faces

of the converted TIN and highway nodes as POIs in well-separated node pair sets con-

struction. Its oracle construction time, oracle size and shortest path query time are

O(λξ(mN)2 + N3

ϵ2β + Nh
ϵ2β +Nh logN), O(λmN

ξ + Nh
ϵ2β ) and O(λξ log(λξ)), respectively. It is

regarded as the best-known adapted TIN oracle for the A2A query on a point cloud.

Drawbacks of EAR-Oracle-Adapt: It also has the loose criterion for algorithm earlier

termination drawback. In the A2A query on a point cloud, for a point cloud with 100k

points, the oracle construction time of EAR-Oracle-Adapt is 50,0000s ≈ 13.9 hours, while

RC-Oracle-A2A just needs 100s ≈ 1.6 min.
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2.3.3 Oracles for Other Proximity Queries on Point Clouds

There is no existing study focusing on using oracle to answer proximity queries on a

point cloud. But, studies [32, 33, 64] build an oracle to answer proximity queries on a

TIN. Specifically, studies [32, 33] use a multi-resolution TIN model (resp. SUrface Oracle

(SU-Oracle) [64] uses a surface index) to answer the kNN query on a TIN in O(N2) (resp.

O(N log2 N)) time. We adapt SU-Oracle to be SU-Oracle-Adapt in a similar way of SE-

Oracle-Adapt. Although SU-Oracle-Adapt is regarded as the best-known adapted TIN or-

acle to directly answer the kNN query, studies [71, 72] show the kNN query time of SU-

Oracle-Adapt is up to 5 times larger than that of using SE-Oracle-Adapt with a linear scan

of the shortest path query result.
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CHAPTER 3

ON-THE-FLY ALGORITHM FOR SHORTEST
PATH QUERIES ON WEIGHTED TINS

This chapter studies shortest path queries on weighted TINs using an on-the-fly algo-

rithm. Chapter 3.1 provides the preliminary. Chapter 3.2 presents the methodology. Chap-

ter 3.3 presents the experimental results.

3.1 Preliminary

3.1.1 Notation and Definitions

1) TINs and paths Consider a weighted TIN T with N vertices. T contains a set of ver-

tices V , edges E and faces F. Let xv, yv and zv be the three coordinate values of each vertex

v ∈ V . Let L be the longest length of edges in T , and I be the minimum integer which is

no less than the coordinate value of any vertex in V . If two faces contain the same edge,

they are said to be adjacent. Each face fi ∈ F has a weight wi > 0, and an edge’s weight

can be the smaller or larger weight of the two faces containing the edge, depending on

the problem setting. For example, if we want (resp. do not want) the path passing on

the edge, we set the edge’s weight to be the smaller (resp. larger) weight of the two faces

containing the edge. The maximum weight of the face in F is denoted by W, and the min-

imum weight of the face in F is denoted by w. The minimum height (of the 2D triangle

with a base) of a face in F is denoted by h. Given a face fi, and two points p and q on fi, let

pq be a line segment between them, d(p,q) be the Euclidean distance between them, and

D(p,q) = wi · d(p,q) be the weighted (surface) distance between them. Given s and t in V ,

let Π∗(s, t) = ⟨s, r1, . . . , rl, t⟩ be the optimal weighted shortest path passing on T (with l ⩾ 0).

Here, for each i ∈ {1, . . . , l}, ri is a point on an edge in E, is named as an optimal intersection

point in Π∗(s, t). The purple path in Figure 1.2 (b) shows Π∗(s, t) = ⟨s, r1, r2, t⟩ passing

on T . We define | · | to a path’s weighted distance, e.g., |Π∗(s, t)| is Π∗(s, t)’s weighted dis-

tance. Let Π(s, t) be the path result of algorithm Roug-Ref. If point s (or t) is not in V , we
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can regard it as a new vertex and then add three new triangles each involving this point

and three vertices of the face containing this point.

2) Snell’s law Let S = ⟨(v1, v ′1), . . . , (vl, v ′l)⟩ = ⟨e1, . . . , el⟩ be a sequence of l edges that

Π∗(s, t) connects from s to t in order based on T , where S is said to be passed by Π∗(s, t).

Let F(S) = ⟨f1, f2, . . . , fl, fl+1⟩ be an adjacent face sequence corresponds to S, such that for

every fi with i ∈ {2, . . . l}, fi is the face that contains ei and ei+1 in S, while f1 is the face

that adjacent to f2 at e1 and fl+1 is the face that adjacent to fl at el. We define αi and βi

to be the incidence and refraction angles of Π∗(s, t) on ei with i ∈ {1, . . . l}, respectively.

In Figure 1.2 (b), Π∗(s, t) satisfies Snell’s law, wi · sinαi = wi+1 · sinβi, with i ∈ {1, . . . , l}.

Table 3.1 shows a notation table.

Table 3.1. Frequent used notations in the study of shortest path queries on weighted TINs

Notation Meaning
T The weighted TIN
V ,E, F The set of vertices, edges and faces of T
N The size of V
L The longest length of edges in T

W The maximum weight of the face in F

w The minimum weight of the face in F

ϵ The error parameter
Π∗(s, t) The optimal weighted shortest path
Π(s, t) The final calculated weighted shortest path
|Π(s, t)| Π(s, t)’s weighted distance
S The edge sequence that Π∗(s, t) connects from s to t in order based on T

l The size of S

3.1.2 Problem

Given T , s and t, the problem is to efficiently calculate a weighted shortest path passing

on T with the best performance concerning the query time and memory usage such that

|Π(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|.

24



3.2 Methodology

3.2.1 Overview of Algorithm Roug-Ref

We first illustrate algorithm Roug-Ref with an example. In Figure 3.1 and Figures 3.2

(a) to (d), for algorithm Roug, given an weighted TIN T , a source s, a destination t, an

error parameter ϵ and a user parameter k (a small positive constant), we efficiently find

a (1 + ηϵ)-approximate rough path between s and t using Steiner points, where η > 1

is a constant and is calculated based on T , ϵ and k (note that η ∈ (1, 2] on average in

our experiments). In Figure 3.1 and Figures 3.2 (e) to (i), for algorithm Ref, given the

rough path, we efficiently refine it to be a (1 + ϵ)-approximate weighted shortest path

using Snell’s law. Next, we introduce four concepts and overviews of algorithms Roug

and Ref.

Steiner points SPRef and
SPRoug, a constant 𝜂𝜀

Modified rough path ΠRef-1(s , t)
and full edge sequence S

Algorithm Roug

Algorithm Ref

Weighted TIN T, source s, destination t,
error parameter 𝜀 and removing value k 𝜂 calculation

Full edge sequence 
conversion

Rough path
calculation (1 + 𝜂𝜀)-approximate rough path ΠRoug(s , t) and node information

T, s, t, 𝜀 and
ΠRoug(s , t)

Refined path
ΠRef-2(s , t)

Snell’s law path 
refinement

Path checking Error guaranteed 
path refinement

(1 + 𝜀)-approximate 
refined path ΠRef-3(s , t)

ΠRef-2(s , t)
No Yes

Figure 3.1. Algorithm Roug-Ref framework overview description

1) Concepts We give four concepts:

(i) The weighted graph: It is used in Dijkstra’s algorithm. Let GA be a weighted graph

used in algorithm Roug or Ref, GA.V and GA.E be the sets of nodes and weighted edges

of GA, where A is a placeholder that can be Roug or Ref. To build GA, we define a set of

Steiner points on each edge of E as SPA. Let GA.V = SPA

⋃
V . For each node p and q

in GA.V that lie on the same face of T , if they are adjacent nodes on the same edge or lie

on different edges, we connect them with a weighted edge pq ∈ GA.E, with the weighted

(surface) distance wpq · d(p,q), where wpq means the weight associated with the face or

the edge that p and q lie on. In Figure 3.2 (b), the blue nodes are SPRef and SPRoug, the

blue and gray nodes are GRef.V and GRoug.V , the orange lines are the weighted edge with
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GRoug

(d)
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Node information

Remark: SPRoug and SPRef are the set of Steiner points on edges in E used
in algorithm Roug and Ref, ΠRoug(s, t) is the rough path calculated using al-
gorithm Roug, ΠRef-1(s, t) is the modified rough path calculated using the full
edge sequence conversion step of algorithm Ref, ΠRef-2(s, t) is the refined path
calculated using the Snell’s law path refinement step of algorithm Ref, and
ΠRef-3(s, t) is the refined path calculated using the error guaranteed path re-
finement step of algorithm Ref.

Figure 3.2. Algorithm Roug-Ref framework overview

weighted distance 5 in GRoug.E and GRef.E.

(ii) The removing value: It is a small positive constant (denoted by k) used for calcu-

lating SPRoug. In Figure 3.2 (b), we have a set of Steiner points SPRef. When moving from

v1 to v2 (including v1 and v2), if we encounter a Steiner point, we iteratively keep one and

remove the next k = 1 point(s). That is, we keep v1, remove the next k = 1 point(s), keep

one point, remove the next k = 1 point(s), and keep v2. We repeat it for all edges in E to

obtain a set of remaining Steiner points SPRoug.

(iii) The node information: It is calculated in algorithm Roug, and is can reduce the

query time in algorithm Ref. In Dijkstra’s algorithm, given a source node s, a set of nodes

GA.V where A can be Roug or Ref, for each u ∈ GA.V , we let distA(u) be the weighted

shortest distance from s to u, let prevA(u) be the previous node of u along the weighted

shortest path from s to u. Give s, after running algorithm Roug, node information stores

distRoug(u) and prevRoug(u) (based on s) for each u ∈ GRoug.V . In Figure 3.2 (c), suppose
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that this face’s weight is 1. After running algorithm Roug, the weighted shortest distance

from s to a is 9, the Euclidean distance of the orange edge is 5, the weighted shortest path

from s to b is s � a � b, so we have distRoug(b) = 9 + 1× 5 = 14 and prevRoug(b) = a as

node information of b.

(iv) The full or non-full edge sequence: Given an edge sequence S, if each edge length

in S is larger than 0 (resp. there exists at least one edge in S whose length is 0), then S is

a full (resp. non-full) edge sequence or S is full (resp. non-full). In Figure 3.3 (a), given

the path in the purple dashed line and orange line between s and t, the edge sequence

S1 = ⟨(a,b), (b, c = ϕ2), (c,d), (c, e = ϕ3), (e, f), (e,g), (g,h = ϕ4), (h, i), (i, j)⟩ and S2 =

⟨(a,b), (c = ϕ2, c), (e = ϕ3, e), (h = ϕ4,h), (i, j)⟩ passed by the two paths are full and non-

full, since each edge length in S1 is larger than 0, while the edge length at c = ϕ2, e = ϕ3

and h = ϕ4 in S2 are 0. Figure 3.3 (b) has a similar case. As we will discuss later, a non-full

edge sequence increases algorithm Ref ’s query time.

𝜙1

c=𝜙2

s

t
𝜙5

𝜙2
𝜙3

𝜙1
s

t
(a) (b)

a

b d

e=𝜙3

f g

h=𝜙4

i

j

Figure 3.3. Full edge sequence conversion

2) Overview of algorithm Roug In Figure 3.1, given T , s, t, ϵ and k, we find a (1 + ηϵ)-

approximate rough path between s and t, and calculate the node information for s in two

steps:

(i) η calculation: In Figure 3.2 (a), given T , ϵ and k, we first use ϵ and an efficient Steiner

point placement scheme to get SPRef, use k to remove some Steiner points and get SPRoug

in Figure 3.2 (b), and then use SPRoug to calculate ηϵ (using constrained programming and

the reverse technique of calculating SPRef with ϵ). We need this step to prune some Steiner

points, which can reduce the query time of the algorithm.

(ii) Rough path calculation: In Figure 3.2 (c), given T , s, t and SPRoug, we use Dijkstra’s

algorithm on GRoug constructed by SPRoug and V (we must include V in SPRoug for error

guarantee) to calculate a (1+ηϵ)-approximate rough path between s and t in Figure 3.2 (d)
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(denoted by ΠRoug(s, t), i.e., the orange dashed line), and store distRoug(u) and prevRoug(u)

(based on s) for each u ∈ GRoug.V as node information. We need this step to reduce the

search area when applying Snell’s law (since directly using Snell’s law on T is slow), which

can reduce the query time of the algorithm.

3) Overview of algorithm Ref In Figure 3.1, given T , s, t, ϵ, ΠRoug(s, t) and the node

information, we refine ΠRoug(s, t) and calculate a (1 + ϵ)-approximate weighted shortest

path in four steps:

(i) Full edge sequence conversion: In Figure 3.2 (d), given ΠRoug(s, t) whose corre-

sponding edge sequence S ′ is non-full (the edge length at v is 0), we progressively convert

it to a modified rough path in Figure 3.2 (e) (denoted by ΠRef-1(s, t), i.e., the orange dashed

line) whose corresponding edge sequence S = ⟨e1, e2, e3, e4⟩ (edges in red) is full. We need

this step to further reduce the search area when applying Snell’s law, which can reduce

the query time of the algorithm.

(ii) Snell’s law path refinement: In Figure 3.2 (f), given T , s, t, ϵ and S, we use Snell’s

law and S to efficiently get a refined path (denoted by ΠRef-2(s, t), i.e., the green line) on S.

We need this step to avoid placing many Steiner points, which can reduce the query time

of the algorithm.

(iii) Path checking: In Figure 3.2 (g), given ΠRoug(s, t), ΠRef-2(s, t), ϵ and η, if

|ΠRef-2(s, t)| ⩽ (1+ϵ)
(1+ηϵ) |ΠRoug(s, t)|, since we guarantee |ΠRoug(s, t)| ⩽ (1 + ηϵ)|Π∗(s, t)| due

to the error bound of Dijkstra’s algorithm, we have |ΠRef-2(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|, and we

return ΠRef-2(s, t). Otherwise, we need the next step for error guarantee. We need this step

to terminate the algorithm earlier, which can reduce the query time of the algorithm.

(iv) Error guaranteed path refinement: In Figures 3.2 (h), given T , s, t, SPRef and the

node information (based on s), we use Dijkstra’s algorithm on GRef constructed by SPRef

and V to efficiently calculate a (1 + ϵ)-approximate weighted shortest path between s

and t in Figure 3.2 (i) (denoted by ΠRef-3(s, t), i.e., the purple line). We can guarantee

|ΠRef-3(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)| due to the error bound of Dijkstra’s algorithm. We need

this step to ensure error guarantee and hope that the query time of the algorithm will not

increase a lot (by using the node information).
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3.2.2 Key Ideas of Algorithm Rough-Refine

Algorithm Roug-Ref is efficient due to the rough-refine concept, which involves the fol-

lowing three techniques.

1) Novel Steiner point pruning step (in the η calculation step) In Figure 3.2 (b), we

prune out some Steiner points in SPRef using k, and use the remaining Steiner points

SPRoug for the rough path calculation, i.e., SPRoug ⊆ SPRef and GRoug.V ⊆ GRef.V . The

pruned Steiner points are transferred to the error guaranteed path refinement step, and

our experimental results show that it is very likely after the Snell’s law path refinement,

the path checking finds that there is no need to use Dijkstra’s algorithm on these pruned

Steiner points.

2) Efficient reduction of the search area (in the rough path calculation step) In Fig-

ure 3.2 (d), the edge sequence S ′ passed by ΠRoug(s, t) is used in the Snell’s law path

refinement step. If we do not know S ′, we need to try Snell’s law on different combi-

nations of edges in E (so the search area is large) and select the shortest result path, which

is time-consuming.

3) Usage of Snell’s law (in the Snell’s law path refinement step) In Figure 3.2 (e), we

utilize Snell’s law on S ′ to efficiently calculate ΠRef-2(s, t), such that the distance between

the intersection point of ΠRef-2(s, t) on each edge of S ′ and that of Π∗(s, t) is smaller than

an error value δ = hϵw
6lW , and there is no need to place many Steiner points on edges in E.

3.2.3 Key Ideas of Additional Techniques

We also have the following four additional novel techniques to make algorithm Roug-Ref

more efficient.

1) Efficient Steiner point placement scheme with a (1 + ϵ) error bound (in the η calcu-

lation step) In Figure 3.2 (b), we have an efficient Steiner point placement scheme (i) by

considering the additional geometric information of T , such as face weight, internal angle,

and edge length, etc., so that we can place different numbers of Steiner points on different

edges in E (for minimizing the total number of Steiner points), and (ii) by using mathe-

matical transformations to express the error ratio concerning (1 + ϵ) (so that with the η
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calculation step, the rough path has an error ratio (1 + ηϵ)). Specifically, Figures 3.4 (a)

and (b) show the placement of Steiner points under the same error ratio for two baseline

algorithms FixSP and FixSP-NoWei-Adp, and for our algorithm Roug-Ref.

v2
fi

rv λ4

fi

(b)(a)
𝜃v1
rv1

v3v1
Remark: Placement of Steiner points in (a) FixSP and FixSP-NoWei-Adp,
and (b) Roug-Ref.

Figure 3.4. Placement of Steiner points

2) Novel full edge sequence conversion technique using progressive approach (in the

full edge sequence conversion step) In Figure 3.2 (d), S ′ passed by ΠRoug(s, t) is non-

full at vertex v. If we use Snell’s law on S ′ to calculate a refined path, after the path exits

v, we do not know where it goes next, so we need to add all the edges connected to v n

S ′ (edges in blue) for error guarantees, and try Snell’s law on different combinations of

edge sequences to select the shortest result path. Indeed, only a subset of these edges is

required. To solve it, we need the full edge sequence conversion step.

Illustration: In Figure 3.3 (a), given a rough path ⟨s,ϕ1,ϕ2,ϕ3,ϕ4,ϕ5, t⟩ (i.e., the or-

ange line) whose corresponding edge sequence is non-full, we divide it into a smaller

segment ⟨ϕ1,ϕ2,ϕ3,ϕ4,ϕ5⟩ that all the edges passed by this segment have length equal

to 0, i.e., at ϕ2, ϕ3 and ϕ4. We add more Steiner points to progressively find a new path

segment, i.e., the purple dashed line between ϕ1 and ϕ5, until the edge sequence (in red)

passes by this path segment is full. If the distance of the new path segment is smaller

than that of the original one, we replace the new one with the original one, and obtain a

modified rough path (i.e., the purple dashed line between s and t). Figure 3.3 (b) shows a

similar example.

3) Novel effective weight pruning technique (in the Snell’s law path refinement step)

In Figure 3.2 (f), we use Snell’s law to find optimal intersection points on each edge of S,

and then connect them to form ΠRef-2(s, t). The basic idea is to use binary search, but we

can efficiently prune out some checking by utilizing effective weight information on T .
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Illustration: In Figure 3.5 (a), we select the midpoint m1 on e1, and trace a blue light

ray that follows Snell’s law from s to m1. We use binary search to adjust the position of m1

to the left or right by checking whether t is on the left or right of this ray, and repeat until

the ray passes the entire S, i.e., the purple ray from s to m1
1. In Figure 3.5 (b), we regard

all the faces in F(S) except f1 as one effective face △upp1q1, and use the ray in the purple

line for calculating its effective weight. Then, we can calculate the position of mef on e1 in

one quartic equation using f1’s weight and △upp1q1’s effective weight. In Figure 3.5 (c),

we trace the ray starting from s and passing mef (i.e., the dark blue line). We iterate the

midpoint selection step until (i) the ray hits t or (ii) the distance between the new m1 and

the previous m1 is smaller than δ. In Figure 3.5 (d), we continue on other edges in S.
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Figure 3.5. Snell’s law path refinement step in algorithm Ref

4) Novel error guaranteed path refinement using pruning technique (in the error guar-

anteed path refinement step) In Figure 3.2 (g), for the path checking step, when k ⩽ 2,

only in a rare case (i.e., the edge sequence passed by the rough path differs from that of the

optimal weighted shortest path) which never occurs in our experiments, we need the error

guaranteed path refinement step in Figures 3.2 (h) and (i). When k is larger, more Steiner

points are removed, and η is larger, so the chance that |ΠRef-2(s, t)| > (1+ϵ)
(1+ηϵ) |ΠRoug(s, t)| be-

comes larger, we need this step to ensure error guarantee and hope that the query time of

algorithm Roug-Ref will not increase a lot, by using the node information.

Illustration: (i) In the rough path calculation step, see Figure 3.2 (c), we have

distRoug(b) = 9 + 1 × 5 = 14 and prevRoug(b) = a as node information of b. (ii) In

the error guaranteed path refinement step, see Figure 3.2 (h), since GRoug.V ⊆ GRef.V ,

we know distRef(b) = 14 and prevRef(b) = a. We maintain a priority queue [26] Q =

{{u1, distRef(u1)}, . . . } in Dijkstra’s algorithm on GRef that stores a set of nodes ui ∈ GRef.V

waiting for processing. Suppose we need to process a and c, so Q stores {{a, 9}, {c, 8}}. We
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dequeue c with a shorter distance value (8 < 9), and one adjacent node of c is b. Since

distRef(b) = 14 < distRef(c) +wbc · d(b, c) = 8 + 1× 7 = 15, we do not need to insert b and

distRef(b) = 15 into the queue for time-saving. Since GRef.V contains GRoug.V and the re-

moved Steiner points, the query time by performing Dijkstra’s algorithm on GRef without

the node information is the same as the time of the rough path calculation step plus the

time of error guaranteed path refinement step.

3.2.4 Implementation Details of Algorithm Roug

We give implementation details of algorithm Roug (see Figures 3.2 (a) to (d)). We mainly

discuss our efficient Steiner points placement scheme with a (1 + ϵ) error bound, (i.e., the

technique in algorithm LogSP-Adp).

Detail: Given a vertex v in V , we let hv be the minimum height starting from v on the

faces containing v, let Cv be a sphere centered at v with radius rv =
1+ϵ+W

w −
√

(1+ϵ+W
w )2−4ϵ

4 ·

hv, and let θv be the angle of two edges of T connecting with v. In Figure 3.4 (b), there is

a sphere Cv1 centered at v1, with the radius rv1 and the angle θv1 of v1. For each vertex v

of face fi, we place Steiner points p1,p2, . . . ,pτp−1 on two edges of fi connecting with v,

such that |vpj| = rvλ
j−1, where τp = logλ

|ep|
2·rv for every integer 2 ⩽ j ⩽ τp − 1, and λ = (1+

1+ϵ+W
w −

√
(1+ϵ+W

w )2−4ϵ
4 · sin θv). Algorithm LogSP has rv = ϵ ′ · hv and λ = (1 + ϵ ′ · sin θv).

Since we adapt LogSP to be LogSP-Adp by setting ϵ ′ =
1+ϵ+W

w −
√

(1+ϵ+W
w )2−4ϵ

4 , we obtain rv

and λ w.r.t. ϵ.

3.2.5 Implementation Details of Algorithm Ref

We give implementation details of algorithm Ref.

1) Full edge sequence conversion See Figures 3.2 (e) and 3.3.

Detail and example: A point is said to be on the edge (resp. vertex) if it lies in the

internal of an edge in E (resp. it lies on the vertex in V). In both Figures 3.3 (a) and (b), ϕ1

is on the edge, and ϕ2 is on the vertex. Algorithm 1 shows this step, and the following is

an example.
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Algorithm 1 EdgSeqConv (ΠRoug(s, t), ζ)
Input: the rough path ΠRoug(s, t) and ζ (a constant and normally set as 10)
Output: the edge sequence S of the modified rough path ΠRef-1(s, t)

1: vs ← NULL, ve ← NULL,E ′ ← ∅,ΠRef-1(s, t)← ΠRoug(s, t)
2: for each point v that ΠRoug(s, t) intersects with an edge in E (except s and t), such that

v is on the vertex do
3: vc ← v, vn ← vc.next, vp ← vc.prev
4: if vn is on the vertex and vp is on the edge then
5: vs ← vc, E ′ ← E ′∪ edges with vc as one endpoint
6: else if both vn and vp are on the edge then
7: E ′ ← E ′∪ edges with vc as one endpoint
8: else if vn is on the edge and vn is on the vertex then
9: ve ← vn, E ′ ← E ′∪ edges with vc as one endpoint

10: add new Steiner points at the midpoints between the vertices and original Steiner
points on E ′

11: Π ′Roug(vs, ve)← path calculated using Dijkstra’s algorithm on the weighted graph
constructed by these new Steiner points and V

12: Π ′Ref-1(vs, ve)← EdgSeqConv (Π ′Roug(vs, ve), ζ)
13: if |Π ′Ref-1(vs, ve)| < |ΠRoug(vs, ve)| then
14: ΠRef-1(s, t)← ΠRef-1(s, vs)∪Π ′Ref-1(vs, ve)∪ΠRef-1(ve, t)
15: else if both vp and vn are on the edge then
16: for i← 1 to ζ do
17: add new Steiner points at the midpoints between vc and the nearest Steiner

points of vc on the edges that adjacent to vc
18: ΠB(vp, vn)← path passes newly added Steiner points on the B side of the path

(vp, vc, vn), where B = {left, right}
19: if |ΠB(vp, vn)| < |ΠRoug(vp, vn)| then
20: ΠRef-1(s, t)← ΠRef-1(s, vp)∪ΠB(vp, vn)∪ΠRef-1(vn, t)
21: break
22: return the edge sequence S of ΠRef-1(s, t) based on T

(i) Successive point: Lines 4-14, see Figure 3.3 (a) with the orange path as input. vs = ϕ1

and vn = ϕ5 are start and end vertices, respectively. The blue points are the new Steiner

points. The orange line and purple dashed line between ϕ1 and ϕ5 are ΠRoug(vs, ve) and

Π ′Ref-1(vs, ve).

(ii) Single point: Lines 15-21, see Figure 3.3 (b) with the orange path as input. The blue

points are new Steiner points. The orange, purple line-dashed and pink dot-dashed lines

between ϕ1 and ϕ3 are ΠRoug(vp, vn), Πleft(vp, vn) and Πright(vp, vn).

2) Snell’s law path refinement See Figures 3.2 (f) and 3.5.

33



Detail and example: Let ΠRef-2(s, t) = ⟨s, ρ1, . . . , ρl, t⟩, where ρi is a point on an edge

in E with i ∈ {1, . . . , l}. Given S, s and a point c1 on e1 ∈ S, we can obtain a surface ray

Πc = ⟨s, c1, . . . , cg,Rc
g⟩ starting from s, hitting c1 and following Snell’s law on S, where

1 ⩽ g ⩽ l, each ci is an intersection point in Πc with i ∈ {1, . . . ,g} , and Rc
g is the final

out-ray at eg ∈ S. In Figure 3.5 (a), Πm = ⟨s,m1,Rm
1 ⟩ in blue line does not pass the whole

S = ⟨e1, e2⟩, but Πm1 = ⟨s,m1
1,m1

2,Rm1

2 ⟩ in purple line passes the whole S. Algorithm 2

shows this step, and the following is an example.

(i) Binary search initial path finding: Lines 6-15, see Figure 3.5 (a). In lines 6-9, we first

have the blue ray Πm = ⟨s,m1,Rm
1 ⟩ that does not pass the whole S, we set [a1,b1] =

[p1,m1]. In lines 10-15, we then have the purple ray Πm1 = ⟨s,m1
1,m1

2,Rm1

2 ⟩ passes the

whole S, we set [a1,b1] = [m1
1,m1] and [a2,b2] = [m1

2,q2].

(ii) Effective weight pruning: Lines 16-24. The purple ray passes the whole S for the

first time, we can use effective weight pruning. In line 17 and Figure 3.5 (a), we get u.

In lines 18-22 and Figure 3.5 (b), we (1) get up and fef = △upp1q1, (2) calculate wef using

purple line sm1
1, the orange dashed line m1

1up, f1, fef, w1 and Snell’s law, (3) get tp, (4)

set mef to be unknown and use Snell’s law in vector form [11], build a quartic equation

with unknown at the power of four using w1, wef, the dark blue line smef and the green

dashed line meftp, and use root formula [50] to solve mef. In lines 23-24 and Figure 3.5

(c), we compute the dark blue ray Πm2 = ⟨s,mef,m2
2,Rm2

2 ⟩, and set [a1,b1] = [m1
1,mef] and

[a2,b2] = [m1
2,m2

2].

(iii) Binary search refined path finding: Lines 2, 6-15, 25-26, see Figure 3.5 (d). In lines 6-

15, we iterate until |a1b1| = |m1
1mef| < δ. In line 25, we have ρ1, the pink dashed link

ΠRef-2(s, t) = ⟨s, ρ1⟩, and root = ρ1. In line 2, we iterate to obtain the green ray Πm3 =

⟨ρ1,m3
2,Rm3

2 ⟩ and the yellow ray Πm4 = ⟨ρ1,m4
2,Rm4

2 ⟩. Until we process all the edges in

S = ⟨e1, e2⟩, we get result path ΠRef-2(s, t) = ⟨s, ρ1, ρ2, t⟩.

3) Error guaranteed path refinement See Figure 3.2 (h).

Detail and example: Algorithm 3 shows this step, and the following is an example.

(i) Distance and previous node initialization: Lines 2-5. For d, distRef(d) = ∞ and

prevRef(d) = NULL; for b, distRef(b) = distRoug(b) = 9 + 1 × 5 = 14 and prevRef(b) =
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Algorithm 2 SneLawRef (s, t, δ, S)
Input: source s, destination t, user parameter δ and edge sequence S

Output: the refined path ΠRef-2(s, t)
1: ΠRef-2(s, t)← {s}, root← s

2: for each ei ∈ S with i← 1 to |S| do
3: ai ← ei left endpoint, bi ← ei right endpoint, [ai,bi]← an interval
4: for each ei ∈ S with i← 1 to |S| do
5: while |aibi| ⩾ δ do
6: mi ← midpoint of [ai,bi] and calculate a surface ray with Πm =

⟨root,mi, . . . ,mg,Rm
g ⟩with g ⩽ l

7: if Πm does not pass the whole S, i.e., g < l then
8: if eg+1 is on Rm

g ’s left or right side then
9: [aj,bj]← [aj,mj] or [mj,bj] for each j← i to g

10: else if Πm passes the whole S, i.e., g = l then
11: if t is on Rm

g then
12: ΠRef-2(s, t)← ΠRef-2(s, t)∪ {mi, . . . ,mg, t}
13: return ΠRef-2(s, t)
14: else if t is on Rm

g ’s left or right side then
15: [aj,bj]← [aj,mj] or [mj,bj] for each j← i to g

16: if have not used effective weight pruning on ei then
17: u ← the intersection point between Rm

l and one of the two edges that are
adjacent to t in the last face fl+1 in F(S)

18: up ← projected point of u on the first face f1 in F(S)
19: fef ← effective face contains all faces in F(S) \ {f1}

20: wef ← effective weight for fef, calculated using smi, miup, f1, fef, w1 (the weight
for f1) and Snell’s law

21: tp ← the projected point of t on f1
22: mef ← effective intersection point on e1, calculated using w1, wef, s, tp and

Snell’s law in a quartic equation
23: mi ← mef, compute Πm = ⟨root,mi, . . . ,mg,Rm

g ⟩
24: update [aj,bj] for each j← i to g same as in lines 11-15
25: ρi ← [ai,bi] midpoint, ΠRef-2(s, t)← ΠRef-2(s, t)∪ {ρi}, root← ρi
26: ΠRef-2(s, t)← ΠRef-2(s, t)∪ {t}
27: return ΠRef-2(s, t)

prevRoug(b) = a.

(ii) Priority queue looping: Lines 6-13. Suppose Q stores {{a, 9}, {c, 8}}, we dequeue c. One

adjacent node of c is b, since distRef(b) = 14 < distRef(c) +wbc · d(b, c) = 8 + 1× 7 = 15,

there is no need to update distRef(b) and prevRef(b), and no need to enqueue {b, distRef(b) =

15} into Q for time-saving. If we change the weighted shortest distance from s to a from 9

to 6, we have the following. Suppose Q stores {{a, 6}, {c, 8}}, we dequeue a. One adjacent
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Algorithm 3 ErrGuarRef (s, t, SPRef, NodeInfo)
Input: source s, destination t, Steiner points SPRef, node information distRoug(u) and

prevRoug(u) (based on s) for each u ∈ GRoug.V
Output: the refined path ΠRef-3(s, t)

1: build a weighted graph GRef using SPRef, enqueue {s, 0} into Q

2: for each u ∈ GRef.V do
3: if u ∈ GRef.V \GRoug.V (resp. u ∈ GRoug.V) then
4: distRef(u)←∞ (resp. distRoug(u))
5: prevRef(u)← NULL (resp. prevRoug(u))
6: while Q is not empty and the to-be-dequeued node is not t do
7: dequeue node v from Q with smallest distance value distRef(v)

8: for each adjacent vertex v ′ of v, such that vv ′ ∈ GRef.E do
9: if distRef(v

′) > distRef(v) +wvv ′ · d(v, v ′) then
10: distRef(v

′)← distRef(v) +wvv ′ · d(v, v ′), prevRef(v
′)← v

11: enqueue {v ′, distRef(v
′)} into Q

12: if distRef(v
′) = distRef(v) +wvv ′ · d(v, v ′) then

13: enqueue {v ′, distRef(v
′)} into Q

14: u← prevRef(t), ΠRef-3(s, t)← {t}

15: while u ̸= s do
16: ΠRef-3(s, t)← ΠRef-3(s, t)∪ {u}, u← prevRef(u)

17: ΠRef-3(s, t)← ΠRef-3(s, t)∪ {s}, reverse ΠRef-3(s, t)
18: return ΠRef-3(s, t)

node of a is b, since distRef(b) = 11 = distRef(a) +wab · d(a,b) = 6 + 1 × 5 = 11, we

enqueue {b, distRef(b) = 11} into Q, and there is no need to update distRef(a) and prevRef(a)

for time-saving.

(iii) Path retrieving: Lines 14-17. We obtain ΠRef-3(s, t).

3.2.6 Theoretical Analysis

Theorem 3.2.1 shows the analysis of algorithm Roug-Ref.

Theorem 3.2.1 The query time and memory usage for algorithm Roug-Ref is O(N logN+ l) and

O(N+ l). It guarantees that |Π(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|.

Proof. To finish the proof, we need Lemmas 3.2.1, 3.2.2 and 3.2.3, and Theorems 3.2.2,

3.2.3 and 3.2.4.
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Lemma 3.2.1 There are at most kSP ⩽ 2(1 + logλ
L

2·r) Steiner points on each edge in E when

placing Steiner point based on ϵ in algorithm Roug, where r is the minimum rv for all v ∈ V .

Proof. We prove it in the extreme case, i.e., kSP is maximized. This case happens

when the edge has maximum length L and it joins two vertices has minimum radius r.

Since each edge contains two endpoints, we have two sets of Steiner points from both

endpoints, and we have the factor 2. When placing Steiner point based on ϵ in algorithm

Roug, each set of Steiner points contains at most (1 + logλ
L

2·r) Steiner points, where the 1

comes from the first Steiner point that is the nearest one from the endpoint. Therefore, we

have kSP ⩽ 2(1 + logλ
L

2·r). □

Lemma 3.2.2 When placing Steiner point based on ϵ in algorithm Roug, based on 1 + (2 +

2W
(1−2ϵ ′)·w)ϵ

′ = 1 + ϵ, we obtain ϵ ′ =
1+ϵ+W

w −
√

(1+ϵ+W
w )2−4ϵ

4 with 0 < ϵ ′ < 1
2 and ϵ > 0.

Proof. The mathematical derivation is like we regard ϵ ′ as an unknown and solve a

quadratic equation. The derivation is as follows.

1 + (2 +
2W

(1 − 2ϵ ′) ·w
)ϵ ′ = 1 + ϵ

(2 +
2W

(1 − 2ϵ ′) ·w
)ϵ ′ = ϵ

2 +
2W

(1 − 2ϵ ′) ·w
=

ϵ

ϵ ′

2W
(1 − 2ϵ ′) ·w

=
ϵ− 2ϵ ′

ϵ ′

2
W

w
ϵ ′ = ϵ− (2 + 2ϵ)ϵ ′ + 4ϵ ′2

4ϵ ′2 − (2 + 2ϵ+ 2
W

w
)ϵ ′ + ϵ = 0

ϵ ′ =
2 + 2ϵ+ 2W

w ±
√

4(1 + ϵ+ W
w )2 − 16ϵ

8
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ϵ ′ =
1 + ϵ+ W

w ±
√

(1 + ϵ+ W
w )2 − 4ϵ

4

Finally, we take ϵ ′ =
1+ϵ+W

w −
√
(1+ϵ+W

w )2−4ϵ
4 since 0 < ϵ ′ < 1

2 (we can plot the figure for

this expression, and will found that the upper limit is always 1
2 if we use −). □

Lemma 3.2.3 Let h be the minimum height of any face in F whose vertices have non-negative

integer coordinates no greater than I. Then, h ⩾ 1
I
√

3
.

Proof. Let a and b be two non-zero vectors with non-negative integer coordinates

no greater than I, and a and b are not co-linear. Since we know |a×b|
2 is the face area

of a and b, we have h = min
a,b

|a×b|
|b|

= min
a,b

√
ω√

x2
a+y2

a+z2
a

⩾ 1
I
√

3
min
a,b

√
ω ⩾ 1

I
√

3
, where

ω = (xayb − yaxb)
2 + (yazb − zayb)

2 + (zaxb − xazb)
2. □

Theorem 3.2.2 The query time for algorithm Roug is O(N logN) and the memory usage is

O(N).

Proof. If we do not remove Steiner points in algorithm Roug, i.e., we place

Steiner point based on ϵ, and then following Lemma 3.2.1, the number of Steiner

points kSP on each edge is O(logλ
L
r ), where λ = (1 +

1+ϵ+W
w −

√
(1+ϵ+W

w )2−4ϵ
4 · sin θ),

r =
1+ϵ+W

w −
√

(1+ϵ+W
w )2−4ϵ

4 · h and θ is the minimum θv for all v ∈ V . Following

Lemma 3.2.2 and Lemma 3.2.3, r = O(ϵI ), and thus kSP = O(log LI
ϵ ). But, since we remove

Steiner points for η calculation and rough path calculation, the remaining Steiner points

on each edge are O(1). So |GRoug.V | = N. Due to the usage of Dijkstra’s algorithm, the

query time of algorithm Roug is O(N logN) and the memory usage is O(N). □

Theorem 3.2.3 The query time for the full edge sequence conversion step in algorithm Ref is

O(N logN) and the memory usage is O(N).
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Proof. Firstly, we prove the query time. Given ΠRoug(s, t), there are three cases on

how to apply the full edge sequence conversion step in algorithm Ref on ΠRoug(s, t), i.e.,

(1) some segments of ΠRoug(s, t) passes on the edges (i.e., no need to use algorithm Ref

full edge sequence conversion step), (2) some segments of ΠRoug(s, t) belongs to single

endpoint case, and (3) some segments of ΠRoug(s, t) belongs to successive endpoint case.

For the first case, there is no need to care about it. For the second case, we just need to add

more Steiner points on the edges adjacent to the vertices passed by ΠRoug(s, t), and using

Dijkstra’s algorithm to refine it, and the query time is the same as the one in algorithm

Roug, which is O(N logN). For the third case, we just need to add more Steiner points on

the edge adjacent to the vertex passed by ΠRoug(s, t), and find a shorter path by running

for ζ times, and there are at most O(N) such vertices, so the query time is O(ζn) = O(N).

Therefore, the query time for the full edge sequence conversion step in algorithm Ref is

O(N logN).

Secondly, we prove the memory usage. Algorithm Roug needs O(N) memory since it is

a common Dijkstra’s algorithm, whose memory usage is O(|GRoug.V |), where |GRoug.V | is

size of vertices in the Dijkstra’s algorithm. Handling one single endpoint case needs O(1)

memory. Since there can be at most N single endpoint cases, the memory usage is O(N).

Handling successive endpoint cases needs O(N) memory since algorithm Roug needs

O(N) memory. Therefore, the memory usage for the full edge sequence conversion step

in algorithm Ref is O(N). □

Theorem 3.2.4 The query time for the Snell’s law path refinement step in algorithm Ref is O(l),

and the memory usage is O(l).

Proof. Firstly, we prove the query time. Since the effective weight pruning sub-step

can directly find the optimal position of the intersection point on each edge in S in O(1)

time, the query time of the Snell’s law path refinement step in algorithm Ref is O(l).

Secondly, we prove the memory usage, since the refined path will pass l edges, so the

memory usage of the Snell’s law path refinement step in algorithm Ref is O(l). □

With these lemmas and theorems, we can prove Theorem 3.2.1.
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Firstly, we prove the query time. (1) In most cases, there is no need to use the error guar-

anteed path refinement step in algorithm Ref. In this case, the query time is the sum of

the query time using algorithm Roug and the first three steps in algorithm Ref. From The-

orems 3.2.2, 3.2.3 and 3.2.4, we obtain the query time O(N logN+ l). (2) In some special

cases, we need to use the error guaranteed path refinement step in algorithm Ref for error

guarantee. The sum of the query time of algorithm Roug and the error guaranteed path

refinement step in algorithm Ref is exactly the same as the query time that we use Dijk-

stra’s algorithm on the weighted graph GRef constructed by the original Steiner points (i.e.,

kSP = O(log LI
ϵ ) Steiner points on each edge) and V , which is O(N log LI

ϵ log(N log LI
ϵ ) + l).

But the constant term O(log LI
ϵ ) is not important and can be omitted, so we obtain the

query time O(N logN+ l). (3) In general, the query time is O(N logN+ l).

Secondly, we prove the memory usage. (1) In most cases, there is no need to use the

error guaranteed path refinement step in algorithm Ref. In this case, the memory usage

is the sum of the memory usage using algorithm Roug and the first three steps in algo-

rithm Ref. From Theorems 3.2.2, 3.2.3 and 3.2.4, we obtain the average case memory usage

O(N+ l). (2) In some cases, we need to use the error guaranteed path refinement step in

algorithm Ref for error guarantee. The sum of the memory usage of algorithm Roug and

the error guaranteed path refinement step in algorithm Ref is exactly the same as the mem-

ory usage that we use Dijkstra’s algorithm on the weighted graph GRef constructed by the

original Steiner points (i.e., kSP = O(log LI
ϵ ) Steiner points on each edge) and V , which is

O(N log LI
ϵ + l). But the constant term O(log LI

ϵ ) is not important and can be omitted, so

we obtain the memory usage O(N+ l). (3) In general, the memory usage is O(N+ l).

Finally, we prove the error bound. Recall one baseline algorithm LogSP. We define the

path calculated by algorithm LogSP between s and t to be ΠLogSP(s, t). The study [20, 48]

show that |ΠLogSP(s, t)| ⩽ (1 + (2 + 2W
(1−2ϵ ′)·w)ϵ

′)|Π∗(s, t)|. A proof sketch appears in

Theorem 1 of study [20] and a detailed proof appears in Theorem 3.1 of study [48]. We

adapt algorithm LogSP to be algorithm LogSP-Adp by substituting (2 + 2W
(1−2ϵ ′)·w)ϵ

′ = ϵ

with 0 < ϵ ′ < 1
2 and ϵ > 0, we have |ΠLogSP-Adp(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)| where ϵ > 0 and

ΠLogSP-Adp(s, t) is the path result returned by algorithm LogSP-Adp. Recall that algorithm

LogSP-Adp corresponds to the efficient Steiner point placement scheme in algorithm
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Roug. This error bound is always true no matter whether the edge sequence passed

by ΠLogSP-Adp(s, t) is the same as the edge sequence passed by Π∗(s, t) or not. Then, in

algorithm Roug, we first remove some Steiner points in the rough path calculation step,

calculate ηϵ based on the remaining Steiner points, and then use ηϵ as the input error

ratio to calculate ΠRoug(s, t) in the rough path calculation step, so by adapt ηϵ as the

input error ratio in algorithm LogSP-Adp, we have |ΠRoug(s, t)| ⩽ (1 + ηϵ)|Π∗(s, t)|. Next,

in the path checking step of algorithm Ref, if |ΠRef-2(s, t)| ⩽ (1+ϵ)
(1+ηϵ) |ΠRoug(s, t)|, we return

ΠRef-2(s, t) as output Π(s, t), which implies that |ΠRef-2(s, t)| = |Π(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|.

Otherwise, we use the error guaranteed path refinement step in algorithm Ref, and we

return ΠRef-3(s, t) as output Π(s, t), where the error bound is the same as in algorithm

LogSP-Adp, i.e., |ΠRef-3(s, t)| = |Π(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|. Therefore, algorithm Roug-Ref

guarantees that |Π(s, t)| ⩽ (1 + ϵ)|Π∗(s, t)|. □

3.3 Empirical Studies

3.3.1 Experimental Setup

We performed experiments on a Linux machine with 2.67 GHz CPU and 48GB memory.

We implemented algorithms in C++. Our experimental setup generally follows the setups

in the literature [45, 46, 51, 71, 72].

1) Datasets We conducted our experiment on 27 (= 5 + 2 + 20) real TIN datasets in Ta-

ble 3.2. For 5 original datasets, EP has more mountains compared with the other 4 original

datasets. For 2 small-version and 20 multi-resolution datasets, we generated them using

BH and EP following the procedure in [51, 71, 72] (which creates a TIN with different

resolutions). We use the slope of a face in TIN as that face’s weight [43].

2) Algorithms We compared Roug-Ref with (1 + ϵ)-approximate algorithms, i.e., (i)

EdgSeq-Adp [69], (ii) the best-known algorithm FixSP [43, 49], (iii) FixSP-NoWei-Adp [45],

(iv) LogSP-Adp [20], and (v) variations of Roug-Ref. We also compared with (i) EdgSeq [69]

without error bound, (ii & iii) LogSP [20] and Roug with distance error ratios larger than

(1 + ϵ) in [80]. We compare them, together with EdgSeq (without error guarantee) and
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Table 3.2. TIN datasets in the study of shortest path
queries on weighted TINs
Name |F|
Original dataset

BearHead (BH) [71, 72] 280k
EaglePeak (EP) [71, 72] 300k
SeaBed (SB) [22] 2k
ValaisSwitzerland (VS) [18] 2k
PathAdvisor (PA) [78] 1k

Small-version dataset
BH small-version (BH-small) 3k
EP small-version (EP-small) 3k

Multi-resolution dataset
Multi-resolution of BH 1M, 2M, 3M, 4M, 5M
Multi-resolution of BH-small 10k, 20k, 30k, 40k, 50k
Multi-resolution of EP 1M, 2M, 3M, 4M, 5M
Multi-resolution of EP-small 10k, 20k, 30k, 40k, 50k

LogSP (which have an error ratio much larger than (1 + ϵ)) in Table 3.3. Roug-Ref has the

smallest query time and memory usage. For these algorithms, we cannot run them in par-

allel (i.e., using a distributed implementation), since we only execute them once for one

source.

Table 3.3. Comparison of algorithms on a weighted TIN regarding algorithm
Roug-Ref
Algorithm Query time Size Error
EdgSeq [69] O(N4 log(N

2IWL
wϵ )) Large O(N2) Large Large

EdgSeq-Adp [69] O(N3 logN+N4 log(N
2NWL
wϵ )) Large O(N3) Large Small

FixSP [43, 49] O(N3 logN) Large O(N3) Large Small
FixSP-NoWei-Adp [45] O(N3 logN) Large O(N3) Large Small
LogSP [20] O(N log LI

ϵ ′ log(N log LI
ϵ ′ )) Medium O(N log LI

ϵ ′ ) Medium Large
LogSP-Adp [20] O(N log LI

ϵ log(N log LI
ϵ )) Medium O(N log LI

ϵ ) Medium Small
Roug-Ref (ours) O (N log N + l) Small O (N + l) Small Small

Remark: I is the minimum integer which is no less than the coordinate value of any
vertex in V , W is the maximum weight of the face in F, w is the minimum weight of the
face in F, L is the longest length of edges in T , and l is size of S.

3) Query generation We randomly chose pairs of vertices in V as source and destination,

and we report the average, minimum, and maximum results of 100 queries.

4) Factors and measurements We studied three factors, namely (i) k (i.e., the removing

value), (ii) ϵ (i.e., the error parameter), and (iii) dataset size (i.e., the number of faces in a
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TIN). We used five measurements to evaluate the algorithm performance, namely (i) query

time, (ii) memory usage, (iii) chances of using error guaranteed path refinement step, (iv) average

number of Steiner points on each edge (used in path calculation), and (v) distance error ratio (we

use EdgSeq-Adp with ϵ = 0.05 to simulate the exact result since no algorithm can calculate

the exact shortest path passing on the weighted TIN).

3.3.2 Experimental Results

We compared (1) all algorithms on datasets with less than 250k faces, and (2) algorithms

not involving FixSP components on datasets with more than 250k faces due to the expen-

sive query time. The vertical bar means the minimum and maximum results.

1) Ablation study of Roug-Ref In our algorithm Roug-Ref, we have 4 variations: (i) we

do not use our efficient Steiner points placement scheme, i.e., we use algorithm FixSP

for Steiner point placement, (ii) we remove the full edge sequence conversion step, (iii)

we remove the effective weight pruning out sub-step in the Snell’s law path refinement

step, and (iv) we do not use the node information for pruning in the error guaranteed

path refinement step, for ablation study (they correspond to four techniques in Chapter

3.2.3). We use (i) Roug-Ref-NoEffSP, (ii) Roug-Ref-NoEdgSeqConv, (iii) Roug-Ref-NoEffWeig,

and (iv) Roug-Ref-NoPrunDijk, to denote these variations. If we do not use the rough-refine

concept, Roug-Ref becomes LogSP-Adp. We adapt FixSP, FixSP-NoWei-Adp and EdgSeq-

Adp by using our rough-refine concept, and denote it as Roug-Ref-Navie1. We adapt LogSP-

Adp similarly to be Roug-Ref-Navie2. Since k will only affect our algorithm Roug-Ref and

its variations, we study the effect of k here.

Effect of k: In Figure 3.6 and Figure 3.7, we tested 5 values of k in {1, 2, 3, 4, 5} on

BH-small and BH dataset by setting ϵ to be 0.1 and 0.25 for ablation study, respectively.

(i) When k ⩽ 2 and k increases, more Steiner points are removed and Roug runs faster,

so the query time and memory usage of these algorithms decreases. But when k > 2, it

has a higher chance (more than 99%) that Ref needs to perform the error guaranteed path

refinement step, so the query time and memory usage have a sudden increase. Thus, the

optimal k is 2 (also verified on other datasets shown in [80]). (ii) When k = 2, the query

time of Roug-Ref-Naive1 and Roug-Ref-NoEffSP are 230s and 210s on BH-small dataset, but

their difference is small due to the log-scale in Figure 3.6 (a). Due to the same reason, the
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difference in query time of the other four algorithms on BH-small dataset is also small, so

we compare them with linear-scale in Figure 3.7 (which shows the usefulness of each com-

ponent). We provided some selected metrics performance figures, the full sets of metrics

performance figures in [80].
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Figure 3.6. Ablation study (effect of k on BH-small dataset) regarding algorithm Roug-Ref
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Figure 3.7. Ablation study (effect of k on BH dataset) regarding algorithm Roug-Ref

2) Baseline comparisons We then study the effect of ϵ and dataset size on other baselines

when k = 2.

Effect of ϵ: In Figure 3.8, we tested 6 values of ϵ in {0.05, 0.1, 0.25, 0.5, 0.75, 1} on EP-

small dataset. (i) When ϵ increases, fewer Steiner points are required so the query time and

memory usage decrease. (ii) The query time and memory usage of Ref is much smaller

than that of Roug. (iii) Roug-Ref performs better than all other algorithms concerning the

query time and memory usage, and it is clear to observe the superior performance of

Roug-Ref, due to the rough-refine concept and four novel techniques. The distance error

ratio of all algorithms is very small, the value is 0.0004 when ϵ = 1 for Roug-Ref. (iv)
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When ϵ = 0.05, Roug-Ref has 160 fewer Steiner points on each edge than FixSP and FixSP-

NoWei-Adp, the query time and calculated path’s distance of Roug-Ref is 14.6s and 105.3m,

but are both 23,800s ≈ 7.2 hours and 105.2m for FixSP and FixSP-NoWei-Adp, respectively,

since Roug-Ref uses the rough-refine concept. EdgSeq-Adp performs worse than FixSP

since EdgSeq-Adp first uses FixSP and then uses Snell’s law for the weighted shortest path

calculation. LogSP-Adp does not perform well since it does not utilize Snell’s law.
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Figure 3.8. Baseline comparisons (effect of ϵ on EP-small dataset) regarding algorithm
Roug-Ref

Effect of dataset size: In Figure 3.9, we tested 5 values of dataset size in {10k, 20k, 30k,

40k, 50k} on multi-resolution of EP-small datasets by setting ϵ to be 0.1. When the dataset

size is 50k, Roug-Ref ’s query time is 103 times, 103 times, 103 times and 6 times smaller

than that of EdgSeq-Adp, FixSP, FixSP-NoWei-Adp and LogSP-Adp, respectively.

3) Scalability test In Figure 3.10, we tested 5 values of dataset size in {1M, 2M, 3M, 4M,

5M} on multi-resolution of EP datasets by setting ϵ to be 0.25. When the dataset size is

5M, Roug-Ref ’s query time is still reasonable. However, the query times for EdgSeq-Adp,

FixSP and FixSP-NoWei-Adp are larger than 7 days, so they are excluded from the figure.

4) Other algorithms comparisons Given ϵ, Roug-Ref can calculate a path with distance

d. But, EdgSeq does not have error bound, LogSP and Roug have distance error ratios larger
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Figure 3.9. Baseline comparisons (effect of dataset size on multi-resolution of EP-small
datasets) regarding algorithm Roug-Ref
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Figure 3.10. Scalability test regarding algorithm Roug-Ref

than (1 + ϵ). We finetune their input to make their calculated path also with distance d.

When ϵ = 0.1, Roug-Ref, EdgSeq, LogSP and Roug run in 3s, 140s, 113s and 110s on BH-

small dataset, respectively. In addition, we also compare Roug-Ref and algorithm [46]

which calculates the shortest network path passing on the edges of the weighted TIN.

When ϵ = 0.1, they run in 3s and 2.1s on BH-small dataset, with distance error 0.0004 and

0.09, respectively. Thus, the shortest network path is not our main focus due to its large

error.

5) Case study We performed a case study on the wildfire evacuation in Santa Monica

Mountains National Recreation Area in Chapter 1. During the wildfire, we set each TIN

face’s weight to be the damage level [67] (a static value) of each region. In Figures 1.1 (f)

and (g), the purple and blue paths between point a (a viewing platform) and point b (a

shelter/hotel) have weighted distances of 15.2km and 209km, respectively, so we choose the

blue path that does not pass the destroyed region as the evacuation path. The distance of

the blue path is 11.2km [4], and the average car driving speed is 90km/h, so the evacuation
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can be finished in 7.4(= 11.2km×60mins/h
90km/h ) mins. The query time for the best-known algo-

rithm FixSP and Roug-Ref are 11,900s ≈ 3.3 hours and 7.3s, respectively. So, the weighted

shortest path calculated by Roug-Ref is the best evacuation path.

6) Summary Roug-Ref is up to 1,630 times and 40 times better than the best-known al-

gorithm FixSP concerning the query time and memory usage, respectively. When the

dataset size is 50k with ϵ = 0.1, Roug-Ref ’s query time is 73s ≈ 1.2 min, and memory

usage is 43MB, but FixSP’s query time is 119,000s≈ 1.5 days, and memory usage is 2.9GB.
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CHAPTER 4

ORACLE FOR SHORTEST PATH QUERIES ON

UPDATED TINS

This chapter studies shortest path queries on updated TINs using an oracle. Chapter 4.1

provides the preliminary. Chapter 4.2 presents the methodology. Chapter 4.3 presents the

experimental results.

4.1 Preliminary

4.1.1 Notation and Definitions

1) TINs and POIs Consider a TIN Tbef with N vertices. Tbef contains a set of vertices

V , edges E and faces F. Let lmax be the longest length of edges in E. Let xv, yv and zv

be the three coordinate values of each vertex v ∈ V . If the vertices in V have position

update, we obtain a new TIN, Taft. Figures 1.1 (b) and (i) show Tbef and Taft, respectively.

Similarly, Figures 4.1 (a) to (c) show Tbef, and Figures 4.1 (d) to (g) show Taft. There is no

need to consider the case when N changes because Tbef and Taft have the same 2D grid with

x× y = N vertices [51, 72, 71]. Specifically, for Tbef in Figure 4.1 (a), given a fixed region,

existing methods [76, 43, 71, 64] sample a fixed set of points on Tbef on the 2D grid in the

x-y plane and use the elevations of these points as the z-coordinates, yielding the final set

of vertices on Tbef. For Taft in Figure 4.1 (d), since we focus on the same region (although the

shape of the region on Taft may change), the set of points is fixed, and N is also fixed. In the

P2P query, let P be a set of n POIs on Tbef. There is no need to consider when n changes, or

when n > N. The set of red points in Figure 4.1 (a) is P. When a POI is added, we create

an oracle that answers the AR2AR query, which implies we consider all possible POIs to

be added. When a POI is removed, we continue to use the original oracle. When n > N,

we still create an oracle that answers the AR2AR query.
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Figure 4.1. UP-Oracle framework overview

2) Path Given s and t in P, and a TIN T (which can be Tbef or Taft), let Π(s, t|T) be the exact

shortest path between s and t passing on T , and | · | be a path’s distance (e.g., |Π(s, t|T)| is

Π(s, t|T)’s).

3) Updated and non-updated faces Given Tbef, Taft and P, let ∆F = {f1, f2, . . . , f|∆F|} be a set

of updated faces, such that fi is a face in F with at least one of its three vertices’ coordinates

differing between Tbef and Taft and |∆F| is size of ∆F. It is easy to obtain ∆F by comparing

Tbef and Taft. In Figure 1.1 (i) (resp. Figure 4.1 (d)), the yellow (resp. gray) region is ∆F

based on Tbef and Taft. There is no need to consider the case with two or more disjoint

non-empty sets of updated faces. If this happens, we can create a larger set of faces that

contains these disjoint sets. Thus, in Figures 1.1 (i) and Figure 4.1 (d), the set of updated

faces that we consider is connected [56]. We say that a point (either a vertex or a POI) is in

∆F if it is on a face in ∆F, and we say that a path passes ∆F if any segment of this path is

on a face ∆F. In Figure 4.1 (e), a is in ∆F, and the purple path between a and b passes ∆F.

4) Disk Given a point p on Tbef and a constant r > 0, let D(p, r) be a disk with p as center

and r as radius, which consists of points on Tbef that have exact shortest distance to p is no

more than r. Given a face fi, if a point q exists on fi such that the shortest distance between

p and q is no more than r, then disk D(p, r) intersects with face fi. Figure 4.2 shows two

disks with u and v as centers, and both
|Π(u,v|Tbef)|

2 as radii, that do not intersect with any
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updated faces. Table 4.1 shows a notation table.

u
v

v1
o

u1
u2

v2

Updated faces

Figure 4.2. An unaffected path

Table 4.1. Frequent used notations in the study of shortest path queries on updated TINs

Notation Meaning
Tbef The TIN before updates
Taft The TIN after updates
V ,E, F The set of vertices, edges and faces of Tbef and Taft
lmax The longest length of edges in Tbef
N The size of V
P The set of POI
n The size of P
Π(s, t|T) The exact shortest path between s and t passing on T (which can be Tbef or Taft)
|Π(s, t|T)| Π(s, t|T)’s distance
∆F The updated faces of Tbef and Taft
D(p, r) A disk with p as center and r as radius
ϵ The error parameter

4.1.2 Problem

Given Tbef, Taft and P, the problem is design an efficient (1 + ϵ)-approximate shortest path

oracle to calculate shortest paths passing on Taft (using shortest paths passing on Tbef) with

the best performance concerning the oracle update time, output size and shortest path

query time such that |Π ′(s, t|Taft)| ⩽ (1 + ϵ)|Π(s, t|Taft)| for any pairs of s and t in P, where

Π ′(s, t|Taft) is the shortest path between s and t passing on Taft.
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4.1.3 Property

Property 1 describes an important property, called non-updated TIN shortest path intact

property, for solving our problem.

Property 1 (Non-updated TIN Shortest Path Intact Property) In Figure 4.2, given Tbef, Taft

and Π(u, v|Tbef), if two disks D(u,
|Π(u,v|Tbef)|

2 ) and D(v,
|Π(u,v|Tbef)|

2 ) do not intersect with ∆F, then

Π(u, v|Taft) is the same as Π(u, v|Tbef).

Proof. We prove by contradiction. Suppose that two disks D(u,
|Π(u,v|Tbef)|

2 ) and

D(v,
|Π(u,v|Tbef)|

2 ) do not intersect with ∆F, but Π(u, v|Taft) is different from Π(u, v|Tbef), and

we need to update Π(u, v|Tbef) to Π(u, v|Taft) due to the smaller distance of Π(u, v|Taft),

i.e., |Π(u, v|Taft)| < |Π(u, v|Tbef)|. This case will only happen when Π(u, v|Taft) passes

∆F. In Figure 4.2, we let u1 (resp. v1) be the point on Π(u, v|Taft) that the exact shortest

distance |Π(u,u1|Taft)| (resp. |Π(v, v1|Taft)|) on Taft is the same as |
Π(u,v|Tbef)

2 |. We let u2

(resp. v2) be the point on Π(u, v|Taft) that u2 (resp. v2) is a point in ∆F and the exact

shortest distance |Π(u,u2|Taft)| (resp. |Π(v, v2|Taft)|) on Taft is the minimum one. Clearly,

u2 (resp. v2) is the intersection point between Π(u, v|Taft) and ∆F, such that the exact

shortest distance |Π(u,u2|Taft)| (resp. |Π(v, v2|Taft)|) on Taft is the minimum one. Note

that a point is said to be in ∆F if this point is on a face in ∆F. We let o be the mid-

point on Π(u, v|Tbef), clearly we have |Π(u,o|Tbef)| = |Π(o, v|Tbef)| = |
Π(u,v|Tbef)

2 |. We also

know that |Π(u,u1|Taft)| = |Π(u,o|Tbef)| = |Π(v, v1|Taft)| = |Π(v,o|Tbef)| = |
Π(u,v|Tbef)

2 |.

The light blue path is Π(u, v|Tbef) and the yellow path is Π(u, v|Taft). Since the

minimum distance from both u and v to the updated faces ∆F is no smaller

than |
Π(u,v|Tbef)

2 |, we know |Π(u,o|Tbef)| = |Π(u,u1|Taft)| ⩽ |Π(u,u2|Taft)| and

|Π(v,o|Tbef)| = |Π(v, v1|Taft)| ⩽ |Π(v, v2|Taft)|. Since Π(u, v|Taft) passes ∆F, |Π(u2, v2|Taft)| ⩾ 0.

Thus, we have |Π(u,u2|Taft)| + |Π(v, v2|Taft)| + |Π(u2, v2|Taft)| = |Π(u, v|Taft)| ⩾

|Π(u, v|Tbef)| = |Π(u,o|Tbef)| + |Π(v,o|Tbef)|, which is a contradiction of our assump-

tion |Π(u, v|Taft)| < |Π(u, v|Tbef)|. Thus, we finish the proof. □
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4.2 Methodology

4.2.1 Overview of UP-Oracle

We first illustrate UP-Oracle with an example. In Figure 4.1 (a) and Figure 4.3, we have

an original TIN and a set of POIs. In Figures 4.1 (b), (c) and Figure 4.3, we construct

UP-Oracle by calculating the exact shortest paths among these POIs. In Figures 4.1 (d) -

(f) and Figure 4.3, we have an updated TIN and an error parameter ϵ, we compare the

original and updated TIN to detect updated faces, update UP-Oracle by calculating the

updated exact shortest paths, and generate a sub-graph using the exact shortest paths. In

Figure 4.1 (g) and Figure 4.3, we answer the shortest path query between a pair of POIs

using UP-Oracle. Next, we introduce the three components and three phases of UP-Oracle.

Temporary graph G and POI-
to-vertex distance table Mdist

G’, pair of POIs s and t in P Shortest path ΠG’ (s , t|Taft)

Construction phase

Shortest path query phase

Original TIN Tbef
and set of POIs P Path calculation

Path query

Update phase
Tbef, updated TIN Taft, P,
G and error parameter 𝜀

Updated TIN
detection

Updated
faces ∆F

Updated Path
calculation

Sub-graph generationUpdated G UP-Oracle output graph G’

Figure 4.3. UP-Oracle framework overview description

1) Components UP-Oracle has three components.

(i) The temporary graph G is a complete graph that stores the pairwise P2P exact

shortest paths. G contains a set of vertices G.V and edges G.E (where each POI in P is a

vertex in G.V). Given a pair of POIs u and v, the exact shortest path Π(u, v|T) passing on

T is an edge e(u, v|T) in G.E with a weight |e(u, v|T)| = |Π(u, v|T)|, where T can be Tbef or

Taft. Figure 4.1 (b) shows a G with 4 vertices and 6 edges. The light blue edge e(a, c|Tbef) in

G denotes a path Π(a, c|Tbef).

(ii) POI-to-vertex distance table Mdist is a hash table [27] that stores the exact shortest

distance between each POI in P and each vertex in V on Tbef, used for reducing the oracle

update time of UP-Oracle. A POI u and a vertex v is stored as a key ⟨u, v⟩, and the distance

between them |Π(u, v|Tbef)| is stored as a value. In Figures 4.1 (c), the exact shortest distance

between POI a and vertex v1 is 4.
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(iii) The UP-Oracle output graph G′ is a sub-graph of G used for answering pair-

wise P2P (1 + ϵ)-approximate shortest paths. G ′ contains a set of vertices G ′.V and edges

G ′.E. Given a pair of vertices u and v in G ′.V , let e ′(u, v|Taft) be an edge with a weight

|e ′(u, v|Taft)|, and let ΠG ′(u, v|Taft) be the shortest path passing on G ′. Figure 4.1 (f) shows

a G ′ with 4 edges. The light blue edge e ′(a, c|Taft) in G ′ denotes a path Π(a, c|Taft). The

shortest path ΠG ′(a,b|Taft) consists of edges e ′(a, c|Taft) and e ′(c,b|Taft).

2) Phases UP-Oracle has three phases.

(i) Construction phase: Given Tbef and P, considering each POI in P as the source,

we use algorithm SSAD [43, 71, 44, 73, 25, 75] to simultaneously: (1) calculate the exact

shortest paths between this POI and other POIs passing on Tbef, and store these in G, and

(2) calculate the exact shortest distance between this POI and all vertices on Tbef, and store

these in Mdist. In Figures 4.1 (b) and (c), we first use algorithm SSAD with a as the source

to calculate paths between a and {b, c,d} (the light blue paths), and distances between a

and all vertices. Next, we use b, c as sources and repeat this.

(ii) Update phase: Given Tbef, Taft, P, G, Mdist and ϵ, we efficiently update paths passing

on Taft in G and produce G ′:

• Updated TIN detection: Given Tbef and Taft, we compare the coordinates of their ver-

tices to detect ∆F.

• Exact shortest path update: Given Taft, P, G, Mdist and ∆F, we select some POIs in

P as sources in algorithm SSAD to update the exact shortest paths passing on Taft

if Property 1 is not satisfied for paths connecting to these POIs, and we update G.

In Figure 4.1 (e), we use a as the source to update paths between a and {b, c,d}

(the purple paths). Figure 4.4 shows more details. In Figures 4.4 (a) to (c), since a

is on a face in ∆F, the path with b as the source passes on ∆F, and the blue disk

D(h,
|Π(c,h|Tbef)|

2 ) with h as center intersects with ∆F, Property 1 is not satisfied for all

possible paths connecting a,b,h. So, we use them as sources in algorithm SSAD for

path updating on Taft, and we update G. In Figures 4.4 (d) and (e), Property 1 is

satisfied, and path update is not needed. We give more details in Chapters 4.2.2 and

4.2.3.
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• Sub-graph generation: Given G and ϵ, we use algorithm HGSpan to efficiently generate

G ′ for output size reduction, such that |ΠG ′(s, t|Taft)| ⩽ (1+ϵ)|Π(s, t|Taft)| for any pair

of POIs s and t in P. In Figure 4.1 (f), we obtain G ′ from G. We give more details in

Chapters 4.2.2 and 4.2.3.

(iii) Shortest path query phase: Given G ′, and a pair of POIs s and t in P, we use

Dijkstra’s algorithm for finding the shortest path between s and t on G ′, i.e., ΠG ′(s, t|Taft).

In Figure 4.1 (g), given a source a and a destination b, we calculate ΠG ′(a,b|Taft), see the

green path.
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Remark: In the update phase when (a) updating Π(a), (b) updating Π(b), (c) updating Π(h), (d) no
need for updating Π(f) and (e) no need for updating Π(d)

Figure 4.4. Exact shortest path update step in UP-Oracle

4.2.2 Key Ideas of UP-Oracle’s Update Phase

1) Exact shortest path update step UP-Oracle has a short oracle update time due to our

design in the exact shortest path update step of the update phase. Recall from Chapter 1.2.2

that the short oracle update time is mainly enabled by the non-updated TIN shortest path

intact property in Property 1, and the stored pairwise P2P exact shortest paths passing on

Tbef. We consider three additional issues and propose four techniques (one for each of the

first two issues, and two for the third issue) to further reduce the oracle update time.

(i) Which POI to select first for path updating before Property 1 is utilized - Optimal

POI selection sequence: In Figures 4.4 (a) to (c), (i) a is in ∆F, (ii) one of b’s exact shortest

paths, Π(b,h|Tbef), passes ∆F, and (iii) h is near ∆F. As Property 1 is not satisfied for the

paths connecting a,b,h, we use a as the source in algorithm SSAD to update the paths

passing on Taft to other POIs simultaneously, and repeat this for b and h. In Figures 4.4

(d) and (e), Property 1 is satisfied, so we do not need to use algorithm SSAD with f and d
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as sources. Here, we only need to use algorithm SSAD 3 times, and the optimal sequence

is selecting the POIs: (i) on a face in ∆F, (ii) connecting to the path passing ∆F, and (iii)

near ∆F (correspond to the sequence a,b,h). But, if we do not use this optimal sequence,

e.g., we first update the paths with c,d, e, f,g as sources, then we still need to update the

paths with a,b,h as sources. Here, we need to use algorithm SSAD 8 times. Note that the

sequence only aims to identify the POI to select first as the source in algorithm SSAD, and

we still update paths in parallel (as in the construction phase).

(ii) Which disk radius to use in Property 1 - Minimum disk radius: In Property 1, we

use half of the distance between a pair of POIs as the disk radius to reduce the likelihood

of re-calculating shortest paths passing on Taft. But, if we do not use this minimum disk

radius, we need to use the full distance. This increases the likelihood of updating this path

passing on Taft.

(iii) How to efficiently determine whether Property 1 is satisfied - Efficient distance

approximation: In Figure 4.4 (c), given h, let i be the point belonging to ∆F which

is closest to h, and let j be the vertex in ∆V that is closest to h. When determining

whether Property 1 is satisfied, for the path between h and c, we determine whether

the blue disk D(h, r) intersects with ∆F (where r =
|Π(h,c|Tbef)|

2 ), by efficiently determining

whether r < |Π(h, j|Tbef)|− lmax in O(1) time (where |Π(h, j|Tbef)| is stored in Mdist). If so,

r < |Π(h, i|Taft)|, i.e., Property 1 is satisfied, and we do not need to update the path, since

we have the distance approximation |Π(h, j|Tbef)| − lmax ⩽ |Π(h, i|Taft)| from the triangle

inequality. Otherwise, we update the path. But, if we do not use this efficient approxima-

tion, we need to calculate |Π(h, i|Taft)| using algorithm SSAD in O(N2) time.

(iv) How to efficiently determine whether Property 1 is satisfied - Efficient disk and

updated face intersection check: In Figure 4.4 (c), we sort the third type of POI in the

optimal POI selection sequence from near to far based on their minimum distance to any

vertex in ∆V on Tbef using Mdist. Thus, we get the ordering h, f, e,d, c,g. When determin-

ing whether Property 1 is satisfied, we just need to create one blue disk D(h, r) (where

r =
|Π(h,c|Tbef)|

2 is half of the longest distance of the paths between h and each POI in

{c,d, e, f,g}), and determine whether it intersects with ∆F. If the disk with the largest

radius and with the center closest to ∆F intersects with ∆F, Property 1 is not satisfied and

there is no need to check other disks. Otherwise, Property 1 is always satisfied. In total,
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there are O(n) POIs, we need to create O(n) disks for efficient checking. But, if we do not

use this efficient checking, we need to create ten disks, i.e., five disks D(h,
|Π(X,h|Tbef)|

2 ) and

five disks D(X,
|Π(X,h|Tbef)|

2 ) for checking, where X ∈ {c,d, e, f,g}. In total, there are O(n2)

paths, it needs to create O(n2) disks.

2) Sub-graph generation step UP-Oracle can efficiently reduce the output size due to

our design in the sub-graph generation step (using algorithm HGSpan) of the update phase.

Due to this, the output size of UP-Oracle is 44MB on a TIN with 0.5M faces and 500 POIs,

but the value is 520MB for SE-Oracle and 416MB for RC-TIN-Oracle. Intuitively, given a

complete graph and ϵ, the best-known (1+ ϵ)-sub-graph generation algorithm GSpan [21]

is inefficient. But, we use a simpler structure to approximate the internal graph for faster

processing and generate a (1 + ϵ)-sub-graph.

Concept: The hierarchy graph H is a graph that has a simpler structure than G ′, and

it is used for efficiently generating G ′ using G. Let QG ′ be a group of vertices in G ′.V with

group center v ∈ QG ′ and radius r. For every vertex u ∈ QG ′ , we have |ΠG ′(u, v|Taft)| ⩽

r. We create a set of groups Q1
G ′ ,Q2

G ′ , . . . ,Qk
G ′ such that every vertex in G ′.V belongs

to at least one group, where k is the number of groups. H can form a set of groups by

regarding several vertices in G ′ that are close to each other as one vertex. As a result, H is

an approximation of G ′. Similar to G ′, H contains a set of edges H.E. Given a group Qi
G ′ ,

let an intra-edge be an edge between the group center of Qi
G ′ and a vertex in Qi

G ′ , and let

an inter-edge be an edge between two group centers. Given a pair of vertices u and v in

H.E, let eH(u, v|Taft) be an (intra- or inter-) edge with a weight |eH(u, v|Taft)|. Given a pair

of group centers s and t, let ΠH(s, t|Taft) be the shortest path between them in H that only

consists of inter-edges. Figures 4.5 (a) and (b) show a G ′ and its corresponding H. There

are three groups with centers c, e,g in H. The light blue paths are intra-edges and the

purple paths are inter-edges. The shortest path ΠH(c,g|Taft) consists of edges eH(c, e|Taft)

and eH(e,g|Taft).

Method: We introduce algorithm HGSpan as follow.

(i) Why algorithm HGSpan is efficient: Given a complete graph G and ϵ, algorithm

HGSpan sorts edges in G based on their length in ascending order, and we initialize sub-

graph G ′ to be empty. For each sorted edge in G.E, e.g., |e(c,h|Taft)| in Figure 4.5 (a), if
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Figure 4.5. Sub-graph generation step in UP-Oracle

|ΠG ′(c,h|Taft)| > (1 + ϵ)|e(c,h|Taft)|, it is inserted into G ′, where |ΠG ′(c,h|Taft)| is approxi-

mated by the distance between c and h (which are group centers) on H, i.e., |ΠH(c,g|Taft)| in

Figure 4.5 (b). It is calculated using Dijkstra’s algorithm in O(1) time. But, if we do not use

H for approximation, we need to use Dijkstra’s algorithm on G ′ to calculate |ΠG ′(c,h|Taft)|

in O(n logn) time, as in algorithm GSpan [21]. We repeat this for all edges in G, and return

G ′ as the output.

(ii) How to construct H: To construct H, we sort the edges in G according to their

length in ascending order. We then divide them into logn intervals, where each interval

contains edges with lengths in (2i−1D
n , 2iD

n ] for i ∈ [1, logn] and D is the longest length of

edges in G. In Figure 4.5 (b), for the i-th iteration, we select c, e,g as group centers and

create groups with δ2iD
n as radius, where δ =

√
ϵ2+36ϵ+36−(ϵ+6)

24 ∈ (0, 1
2) since ϵ ∈ (0,∞).

We insert intra-edges (light blue paths) into H between each group center and vertices in

this group, and we insert inter-edges (solid purple paths) into H between every two group

centers such that the distances between them on G ′ are at most 2iD
n + 2δ2iD

n . Then, we use

H to approximate G ′. For each sorted edge in G with length in the current length interval,

e.g., e(c,h|Taft) in Figure 4.5 (a), if |ΠG ′(c,h|Taft)| > (1 + ϵ)|e(c,h|Taft)|, where |ΠG ′(c,h|Taft)|

is approximated by |ΠH(c,g|Taft)|, we insert this edge (dashed light blue path) into G ′ and

also insert an inter-edge between the group centers of c and h, i.e., eH(c,g|Taft) (dashed

purple path), into H. Having processed all edges in the current length interval, for the

(i + 1)-st iteration, we repeat the above process to re-construct H, so that H is a valid

approximation of G ′. But, in algorithm SGSpan [29], if we force it to use a complete graph

as input, the radius of each group in H becomes 0, and it degenerates to algorithm GSpan.

57



In algorithm HGSpan, we use a different process to construct H (i.e., we insert inter-edges

into H at two different stages: one before processing edges in G, and another one during

this process), and we set the radius of each group in H to exceed 0 (i.e., δ2iD
n > 0 since

δ > 0), to avoid the degeneration by sacrificing the output size.

4.2.3 Implementation Details of UP-Oracle’s Update Phase

1) Exact shortest path update step We give the implementation details of the exact short-

est path update step of the update phase in UP-Oracle.

Notation: Before we provide the algorithm, we introduce some notation. Let Prem =

{p ′1,p ′2, . . . ,p ′
|Prem|

} be a set of remaining POIs in P on Taft that we have not processed,

where |Prem| is the size of Prem. Prem is initialized to be P. In each update iteration,

when we have processed a POI, we remove it from Prem. In Figures 4.4 (a) and (b),

Prem = {b, c,d, e, f,g,h} and Prem = {c,d, e, f,g,h}. Given a POI u ∈ Prem, let Π(u) =

{Π(u, v1|Tbef),Π(u, v2|Tbef), . . . ,Π(u, v|Π(u)||Tbef)} be a set of the exact shortest paths stored in

G passing on Tbef with u as an endpoint and each vi ∈ Prem \ {u} as the other endpoint,

such that these paths have not been updated. Π(u) is initialized to be all the exact shortest

paths stored in G with u as an endpoint, where |Π(u)| is the size of Π(u). In Figures 4.4 (a)

to (c), the purple paths denote Π(a), Π(b) and Π(h).

Detail and example: We summarize the methods in Algorithms 4 and 5. Algorithm 4

is used in three places in Algorithm 5. The following is an example of them.

Algorithm 4 OnePoiUpdate (Taft,G,u,Prem)
Input: an updated TIN Taft, a temporary graph G, a POI u and a set of remaining POIs in

P on Taft that we have not processed Prem
Output: an updated G and an updated Prem

1: use u as the source in algorithm SSAD to calculate Π(u, v|Taft) for each POI v ∈ Prem
simultaneously

2: for each POI v ∈ Prem do
3: G.E← G.E− {Π(u, v|Tbef)}∪ {Π(u, v|Taft)}
4: Π(v)← Π(v) − {Π(u, v|Tbef)}
5: Prem ← Prem − {u}

6: return updated G and Prem
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Algorithm 5 Update (Taft,P,G,Mdist,∆F)
Input: an updated TIN Taft, a set of POIs P, a temporary graph G, a POI-to-vertex distance

table Mdist and a set of updated faces ∆F
Output: updated G

1: Prem ← P

2: for each POI u ∈ Prem do
3: Π(u)← all the exact shortest paths in G with u as an endpoint
4: for each POI u ∈ Prem do
5: if u is on a face in ∆F (i.e., Property 1 is not satisfied) then
6: OnePoiUpdate (u, Taft,G,Prem)
7: for each POI u ∈ Prem do
8: if u is not on any face in ∆F but there exists an exact shortest path in Π(u) that passes

∆F (i.e., Property 1 is not satisfied) then
9: OnePoiUpdate (u, Taft,G,Prem)

10: sort each POI in Prem from near to far based on their minimum distance to any vertex
in ∆V on Tbef using Mdist

11: for each sorted POI u ∈ Prem do
12: v← a POI in Prem such that Π(u, v|Tbef) has the longest distance among all Π(u)

13: if Property 1 is satisfied, i.e., only one disk D(u, |
Π(u,v|Tbef)

2 |) does not intersect with

∆F by checking |
Π(u,v|Tbef)

2 | < min∀w∈∆V |Π(u,w|Tbef)|− lmax, where |Π(u,w|Tbef)| can
be retrieved from Mdist then

14: Prem ← Prem − {u}

15: else
16: OnePoiUpdate (u, Taft,G,Prem)
17: return updated G

(i) Prem and Π(u) initialization: Lines 1-3. In Figure 4.4 (a), we initial-

ize Prem = {a,b, c,d, e, f,g,h}, Π(a) = {Π(a,b|Tbef),Π(a, c|Tbef), . . . ,Π(a,h|Tbef)},

Π(b) = {Π(b,a|Tbef),Π(b, c|Tbef), . . . ,Π(b,h|Tbef)}, . . . , and Π(h) =

{Π(h,a|Tbef),Π(h,b|Tbef), . . . ,Π(h,g|Tbef)}. Next, we use the optimal POI selection sequence

for path updating.

(ii) Path update for POI in ∆F: Lines 4-6. In Figure 4.4 (a), a is on a face in ∆F, so

Property 1 is not satisfied. We first use OnePoiUpdate (Taft,G,a,Prem) to update the purple

paths passing on Taft, and update G. Then, we remove Π(a,X|Tbef) in Π(X) for each X ∈

Prem, so Π(a) becomes empty, Π(b) = {Π(b, c|Tbef),Π(b,d|Tbef), . . . ,Π(b,h|Tbef)}, . . . , and

Π(h) = {Π(h,b|Tbef),Π(h, c|Tbef), . . . ,Π(h,g|Tbef)}. Finally, we remove a from Prem to get

Prem = {b, c,d, e, f,g,h}.

(iii) Path update for POI connecting to the path passing ∆F: Lines 7-9. In Figure 4.4 (b), b
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is not on any face in ∆F, but Π(b,g|Tbef) and Π(b,h|Tbef) in Π(u) pass ∆F, so Property 1 is

not satisfied. We first use OnePoiUpdate (Taft,G,b,Prem) to update the purple paths pass-

ing on Taft, and update G. Then, we remove Π(b, c|Tbef) in Π(c) for each X ∈ Prem, so

Π(a) and Π(b) become empty, Π(c) = {Π(c,d|Tbef),Π(c, e|Tbef), . . . ,Π(c,h|Tbef)}, . . . , and

Π(h) = {Π(h, c|Tbef),Π(h,d|Tbef), . . . ,Π(h,g|Tbef)}. Finally, we remove b from Prem to get

Prem = {c,d, e, f,g,h}.

(iv) Path update for POI near ∆F: Lines 10-16.

• In Figure 4.4 (c), the sorted POIs are h, f, e,d, c,g. We process h, and the path

with the longest distance is Π(c,h|Tbef). Since Property 1 with the minimum disk

radius is not satisfied, i.e., only one blue disk intersects with ∆F (determined by

checking |
Π(h,c|Tbef)

2 | > |Π(h, j|Tbef)| − lmax according to efficient distance approxima-

tion and efficient disk and updated face intersection check), we first use OnePoiUp-

date (Taft,G,h,Prem) to update the purple paths passing on Taft, and update G.

Then, we remove Π(h,X|Tbef) in Π(X) for each X ∈ Prem, so Π(a), Π(b) and Π(h)

become empty, Π(c) = {Π(c,d|Tbef),Π(c, e|Tbef), . . . ,Π(c,g|Tbef)}, . . . , and Π(g) =

{Π(g, c|Tbef),Π(g,d|Tbef), . . . ,Π(g, f|Tbef)}. Finally, we remove h from Prem to get Prem =

{c,d, e, f,g}.

• In Figure 4.4 (d), the sorted POIs are f, e,d, c,g. We process f, and the path with the

longest distance is Π(c, f|Tbef). Since Property 1 is satisfied, i.e., the blue disk does not

intersect with ∆F (determined by checking |
Π(f,c|Tbef)

2 | < min∀v∈∆V |Π(f, v|Tbef)|− lmax),

we do not need to update the paths connect to f. We remove f from Prem to get

Prem = {c,d, e,g}. Then, the sorted POIs are e,d, c,g, and we process e similar to

above.

• In Figure 4.4 (e), the case is also similar.

Lemma: We give three important lemmas as follows.

(i) Necessity of storing the pairwise P2P exact shortest paths (i.e., G) on Tbef: Let

U(A) = n ′

n be the Update ratio of an oracle A, where n ′ is the number of POIs in P that

need to be used as a source in algorithm SSAD (for path updating on Taft). In Figures 4.4
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(a) to (c), we use algorithm SSAD with a,b,h as sources to update shortest paths passing

on Taft for UP-Oracle and SE-UP-Oracle. In Figure 4.4 (d), UP-Oracle (resp. SE-UP-Oracle)

calculates an exact (resp. approximate) path between c and f passing on Tbef. The radius

of the disk with f as center is smaller (resp. larger), so the disk does not (resp. may)

intersect with ∆F, and UP-Oracle does not need to (resp. SE-UP-Oracle may need to) use

algorithm SSAD with f as source to update shortest paths passing on Taft. The case also

happens for the paths between c and e. In Figure 4.4 (e), the case also happens for the

path between g and each POI in {c,d}. Thus, for UP-Oracle (resp. SE-UP-Oracle), we

perform algorithm SSAD with three POIs a, b, h (resp. seven POIs a, b, c, d, e, f, g)

as sources for path updating on Taft. As there is a total of eight POIs, U(UP-Oracle) = 3
8

(resp. U(SE-UP-Oracle) = 7
8 ). The oracle update time of SE-UP-Oracle is 2.4 times larger

than that of UP-Oracle. RC-TIN-UP-Oracle is similar to SE-UP-Oracle. Given an oracle A,

a higher U(A) means that the oracle update time of A is larger. Lemma 4.2.1 shows the

necessity of storing G.

Lemma 4.2.1 Given Tbef, Taft, P and an oracle A that does not store the pairwise P2P exact shortest

paths passing on Tbef, U(UP-Oracle) ⩽ U(A).

Proof. By storing G, we can minimize the likelihood of updating the paths passing

on Taft, so U(UP-Oracle) is the smallest. □

(ii) Correctness of the efficient distance approximation: In the distance approxima-

tion, we have “|Π(h, j|Tbef)|− lmax ⩽ |Π(h, i|Taft)| due to the triangle inequality” in Figure 4.4

(c). Lemma 4.2.2 shows the correctness of this inequality, implying that the correctness of

the efficient distance approximation. In Lemma 4.2.2, u can be h, any point on a face in

∆F can be i, and v can be j in Figure 4.4 (c).

Lemma 4.2.2 The minimum distance from a POI u to any point on a face in ∆F on Taft is at least

min∀v∈∆V |Π(u, v|Tbef)|− lmax.

Proof. According to [72, 71], the exact shortest distance on a TIN follows triangle

inequality. Given an edge e which belongs to a face in ∆F with two endpoints u1 and u2,
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suppose that the exact shortest path from u to ∆F intersects with any point on e for the

first time. There are two cases:

• If the intersection point is one endpoint of e (e.g., u1), since u1 is a vertex of a face

in ∆F, so the minimum distance from u to ∆F in non-updated faces of Taft is the

same as |Π(u,u1|Tbef)|. Since |Π(u,u1|Tbef)| is at least min∀v∈∆V |Π(u, v|Tbef)|, we ob-

tain that the minimum distance from u to ∆F in non-updated faces of Taft is at least

min∀v∈∆V |Π(u, v|Tbef)|.

• If the intersection point is on e, we denote this intersection point as u3. Suppose

that |Π(u,u1|Tbef)|− |u1u3| < |Π(u,u2|Tbef)|− |u2u3|, where |u1u3| (resp. |u2u3|) is the

segment’s length between u1 and u3 (resp. between u2 and u3) on edge e. Accord-

ing to triangle inequality, the minimum distance from u to ∆F in non-updated faces

of Taft is at least |Π(u,u1|Taft)|− |u1u3|. Since we only care about the minimum dis-

tance, |Π(u,u1|Taft)| is the same as |Π(u,u1|Tbef)|. Since the |Π(u,u1|Tbef)| is at least

min∀v∈∆V |Π(u, v|Tbef)| and |u1u3| is at most lmax, we obtain that the minimum dis-

tance from u to ∆F in non-updated faces of Taft is at least min∀v∈∆V |Π(u, v|Tbef)|− lmax.

□

(iii) Correctness of the efficient disk and updated face intersection check: In the in-

tersection check, we just need to create one blue disk D(h, r) (where r =
|Π(h,c|Tbef)|

2 is half of

the longest distance of the paths between h and each POI in {c,d, e, f,g}), and determine

whether it intersects with ∆F in Figure 4.4 (c), instead of creating ten disks. Lemma 4.2.3

shows the correctness of this check. The disk in Lemma 4.2.3 can be D(h,
|Π(h,c|Tbef)|

2 ) in

Figure 4.4 (c).

Lemma 4.2.3 If the disk, with u as center, and half of the longest distance among all non-updated

paths adjacent to u as radius, intersects with ∆F, Property 1 is not satisfied, and we need to use

algorithm SSAD to update all non-updated paths adjacent to u. Otherwise, Property 1 is satisfied,

and there is no need to update shortest paths adjacent to u.
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Proof. If the disk with the largest radius intersects with ∆F, we just need to update

the paths and there is no need to check other disks. In Figure 4.4 (c), the sorted POIs are

h, f, e,d, c,g. We create one disk D(h,
|Π(c,h|Tbef)|

2 ), since it intersects with ∆F, we use algo-

rithm SSAD to update all shortest paths adjacent to h that have not been updated. We do

not need to create ten disks, i.e., five disks D(h,
|Π(X,h|Tbef)|

2 ) and five disks D(X,
|Π(X,h|Tbef)|

2 ),

where X = {c,d, e, f,g,h}. Since the disk D(h,
|Π(c,h|Tbef)|

2 ) with the largest radius already

intersects with ∆F, so there is no need to check other disks.

If the disk with the largest radius and with the center closest to ∆F does not intersect

with ∆F, then other disks cannot intersect with ∆F, so there is no need to update the paths.

In Figure 4.4 (d), the sorted POIs are f, e,d, c,g. We create one disk D(f,
|Π(c,f|Tbef)|

2 ), since it

does not intersect with ∆F, there is no need to update shortest paths adjacent to f. We do not

need to create eight disks, i.e., four disks D(f,
|Π(X,f|Tbef)|

2 ) and four disks D(X,
|Π(X,f|Tbef)|

2 ),

where X = {c,d, e, f,g}. Since the disk D(f,
|Π(c,f|Tbef)|

2 ) with the largest radius does not inter-

sect with ∆F, so the disks D(f,
|Π(X,f|Tbef)|

2 ) with smaller radius and the disks D(X,
|Π(X,f|Tbef)|

2 )

with centers further away from ∆F compared with f cannot intersect with ∆F. Recall that

given a POI u, we use min∀v∈∆V |Π(u, v|Tbef)|− lmax as the lower bound of the minimum

distance from u to any point in ∆F on Taft. If D(f,
|Π(c,f|Tbef)|

2 ) does not intersect with ∆F,

then min∀v∈∆V |Π(c, v|Tbef)|− lmax >
|Π(c,f|Tbef)|

2 , and min∀v∈∆V |Π(X, v|Tbef)|− lmax >
|Π(c,f|Tbef)|

2

(since we sort X from near to far based on their minimum distance to any vertex in ∆V on

Tbef), and then min∀v∈∆V |Π(X, v|Tbef)|− lmax >
|Π(X,f|Tbef)|

2 (since |Π(c, f|Tbef)| ⩾ |Π(X, f|Tbef)|),

i.e., the disks D(X,
|Π(X,f|Tbef)|

2 ) cannot intersect with ∆F, where X = {c,d, e, f,g}. □

2) Sub-graph generation step We give the implementation details of the sub-graph gen-

eration step of the update phase in UP-Oracle.

Detail and example: Algorithm 6 details HGSpan. The following is an example of it.

(i) Edge sorting, interval splitting and G ′ initialization: Lines 2-6. We insert edges of G

with lengths in I0 = (0, DN ] into G ′.

(ii) G ′’s construction: Lines 7-25, let i = 1 and we clear H.
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Algorithm 6 HGSpan (G, ϵ)
Input: a temporary graph G and an error parameter ϵ
Output: a UP-Oracle output graph G ′ (a sub-graph of G)

1: D← the longest length of edges in G.E
2: for each edge e(u, v|Taft) ∈ G.E do
3: sort edge length in increasing order
4: create intervals I0 = (0, DN ], Ii = (2i−1D

n , 2iD
n ] for i ∈ [1, logn]

5: G.Ei ← sorted edges in G.E with length in Ii
6: G ′.E← G.E0

7: for i← 1 to logn do
8: H.E← ∅
9: for each uj ∈ G.V that has not been visited do

10: perform Dijkstra’s algorithm on G ′, such that the algorithm never visits vertices
further than δ2iD

n from uj

11: create group Q
j
G ′ ← {uj} with group center uj, uj ← visited

12: for each v ∈ G.V such that |ΠG ′(uj, v|Taft)| ⩽ δ2iD
n do

13: Q
j
G ′ ← {v}, v← visited

14: H intra-edges← H.E ∪ {eH(uj, v|Taft)}, where |eH(uj, v|Taft)| = |ΠG ′(uj, v|Taft)|
15: j← j+ 1
16: for each group center uj do
17: perform Dijkstra’s algorithm on G ′, such that the algorithm never visits vertices

further than 2iD
n + 2δ2iD

n from uj

18: H inter-edges ← H.E ∪ {eH(uj,u|Taft)}, where u is other group centers and
|eH(uj,u|Taft)| = |ΠG ′(uj,u|Taft)|

19: j← j+ 1
20: for each edge e(u, v|Taft) ∈ G.Ei do
21: w← group center of u, x← group center of v
22: ΠH(w, x|Taft) ← the shortest path between w and x calculated using Dijkstra’s

algorithm on H

23: if |ΠH(w, x|Taft)| > (1 + ϵ)|e(u, v|Taft)| then
24: G ′.E← G ′.E∪ {e(u, v|Taft)}
25: H inter-edge ← H.E ∪ {eH(w, x|Taft)}, where |eH(w, x|Taft)| = |eH(w,u|Taft)| +

|e(u, v|Taft)|+ |eH(v, x|Taft)|
26: return G ′

• Lines 9-15 (group construction and H’s intra-edge insertion): When i = 1, there is a

limited number of edges in G ′, i.e., most pairs of vertices in G ′.V do not have an

edge connecting them. It is likely that every vertex in G ′.V forms a group itself in H,

and there are no intra-edges in H since each group only contains one vertex.

• Lines 16-19 (H’s first type inter-edge insertion): Similarly, it is likely that there are no
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inter-edges in H.

• Lines 20-25 (G ′’s edge insertion and H’s second type inter-edge insertion): For each edge

e(u, v|Taft) in G with a weight in I1 = (DN , 2D
N ], it is likely that the group center of u

(resp. v) in H is u (resp. v) itself, i.e., w = u and x = v. Since there is a limited

number of edges in G ′, line 23 is likely true, and we insert e(u, v|Taft) into G ′ and

eH(w, x|Taft) into H.

(iii) G ′’s continued construction: Lines 7-25, we repeat the above process. Suppose that

we start the i-th iteration and we clear H.

• Lines 9-15: Suppose that we have G ′ as shown in Figure 4.5 (a). Based on G.V , we

create three groups with centers c, e,g in H, see Figure 4.5 (b). We insert intra-edges

eH(a, c|Taft), . . . , eH(g, i|Taft) (light blue paths) into H in Figure 4.5 (b).

• Lines 16-19: We insert inter-edges eH(c, e|Taft) and eH(e,g|Taft) (solid purple paths)

into H, see Figure 4.5 (b).

• Lines 20-25: Suppose that we need to examine edge e(c,h|Taft) in G in Figure 4.5 (a)

with a weight in Ii = (2i−1D
n , 2iD

n ], and the group center of c (resp. h) in H is c (resp.

g). Then, we check whether |ΠH(c,g|Taft)| > (1 + ϵ)|e(c,h|Taft)|. If so, we insert edge

e(c,h|Taft) (dashed light blue path) into G ′, and insert inter-edge eH(c,g|Taft) (dashed

purple path) with a weight |e(c,g|Taft)|+ |eH(g,h|Taft)| into H. Next, we repeat this

by starting the (i+ 1)-st iteration and clear H. This way, we construct G ′.

Lemma: Lemma 4.2.4 analyzes algorithm HGSpan.

Lemma 4.2.4 The running time of HGSpan is O(n log2 n). The output of HGSpan, i.e., G ′,

satisfies |ΠG ′(u, v|Taft)| ⩽ (1 + ϵ)|Π(u, v|Taft)| for any pairs of vertices u and v in G ′.V .

Proof. Firstly, we prove the running time of algorithm HGSpan.

• In the edge sorting, interval splitting and G ′ initialization step, it needs O(n) time.

Since we perform algorithm SSAD for each POI to generate G, so given a POI, the

distances between this POI and other POIs have already been sorted. Since there are

n vertices in G, this step needs O(n) time.
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• In the G ′’s construction step, for each edge interval, it needs O(n logn + n) =

O(n logn) time (shown as follows). Since there are total logn intervals, it needs

O(n log2 n) time.

– In the group construction and H’s intra-edge insertion step, it needs O(n logn)

time. Since according to Lemma 6 in [29], we know that a vertex in H belongs

to at most O(1) groups (i.e., there are at most O(1) group centers in H), so we

just need to run Dijkstra’s algorithm (in O(n logn) time) on G ′ for O(1) times

to calculate intra-edges for H.

– In the H’s first type inter-edge insertion step, it needs O(n logn) time. Since

there are at most O(1) group centers in H, so we just need to run Dijkstra’s

algorithm (in O(n logn) time) on G ′ for O(1) times to calculate inter-edges for

H.

– In the G ′’s edge insertion and H’s second type inter-edge insertion step, it needs

O(n) time. According to [29], there are O(n) edges in each interval. Since there

are at most O(1) group centers in H, so answering the shortest path query using

Dijkstra’s algorithm on H needs O(1) time. So, in order to examine O(n) edges,

this step needs Dijkstra’s algorithm (in O(1) time) on H for O(n) times, and the

total running time is O(n).

In general, the running time for algorithm HGSpan is O(n) +O(n log2 n) = O(n log2 n).

Secondly, we prove the error bound of algorithm HGSpan. According to algorithm

FAST-GREEDY [29], by setting t = t ′ = ϵ + 1, we can adapt it so that it takes a
t√
tt ′

-sub-graph as input and generates a t-sub-graph for our algorithm HGSpan. Ac-

cording to Lemma 8 in [29], by setting δ =

√
tt ′+34

√
tt ′+1−(

√
tt ′+5)

24 , it can guarantee that

H is a valid approximation of G ′. By setting t = t ′ = ϵ + 1 in algorithm HGSpan,

we have δ =
√
ϵ2+36ϵ+36−(ϵ+6)

24 . Since we also set δ to be
√
ϵ2+36ϵ+36−(ϵ+6)

24 , we know

that in algorithm HGSpan, when processing any group of edges G.Ei, H is always a

valid approximation of G ′. Note that there is no need to consider the right formula

in δ = min{1
2(
√
t−
√
t ′√

t+3
√
t ′
),
√

tt ′+34
√
tt ′+1−(

√
tt ′+5)

24 } of algorithm FAST-GREEDY [29]. If we

force the input to be a complete graph, we set t = t ′, and δ is 0, i.e., it degenerates to
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algorithm GSpan. This is because the right formula δ = 1
2(
√
t−
√
t ′√

t+3
√
t ′
) controls the path

with the second longest length in G ′ in Lemma 9 of [29], and it has no relationship

with algorithm GSpan. Thus, in the G ′’s edge insertion and H’s second type inter-edge

insertion step of algorithm HGSpan, for each edge e(u, v|Taft) ∈ G.Ei between two vertices

u and v, when we need to check whether |ΠH(w, x|Taft)| > (1 + ϵ)|e(u, v|Taft)|, where

ΠH(w, x|Taft) is the shortest path of group centers calculated using Dijkstra’s algorithm

on H, w and x are two group centers, such that, u is in w’s group, and v is in x’s

group, ΠH(w, x|Taft) is a valid approximation of ΠG ′(u, v|Taft). In other words, we are

actually checking whether |ΠG ′(u, v|Taft)| > (1 + ϵ)|e(u, v|Taft)| or not. Consider any edge

e(u, v|Taft) ∈ G.E between two vertices u and v which is not inserted into G ′ by algorithm

HGSpan. Since e(u, v|Taft) is discarded, it implies that |ΠG ′(u, v|Taft)| ⩽ (1 + ϵ)|e(u, v|Taft)|.

Since |e(u, v|Taft)| = |Π(u, v|Taft)|, so on the output graph of algorithm HGSpan, i.e., G ′, we

always have |ΠG ′(u, v|Taft)| ⩽ (1 + ϵ)|Π(u, v|Taft)| for any pairs of vertices u and v in G ′.V .

We finish the proof. □

4.2.4 Handling Subsequent Changes

So far, we have handled a single change. After one change, we have the updated G and

the sub-graph G ′. There is no old G, since we update G partially by using the new paths

passing on Tbef to replace the original paths passing on Taft. We keep G in the hard disk

and use G ′ for shortest paths queries. To adapt UP-Oracle to handle subsequent changes,

we also update Mdist simultaneously when using algorithm SSAD for path updating in

the exact shortest path update step of the update phase. Then, if subsequent changes occur,

we update G and Mdist, and generate G ′ to support querying.

4.2.5 Adaptation to Multi-layer Structure (UP-Oracle-MuLa)

We can maintain a multi-layer structure. Long-range queries can utilize the approximate

results calculated using G ′ (a sub-graph), as G (a complete graph) is excessively large.

Short-range queries can utilize exact results with higher accuracy. In the landslide and

earthquake (resp. marsquake) example, popular viewing platforms (resp. Mars rover
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frequent work regions) can be regarded as short-range query regions, and we use the exact

results for faster evacuation and escape, respectively. Depending on different areas of

these regions, we can select different Level-Of-Details (LODs) of short-range query regions

for customized querying.

Based on this, we can adapt UP-Oracle to a multi-layer structure, thus obtaining UP-

Oracle-MuLa. Long-range queries utilize the approximate paths obtained from G ′, and

short-range queries utilize the exact paths obtained from G with different LODs. Suppose

that there are l LODs. The basic idea is to form temporary hierarchy graphs H ′1,H ′2, . . . ,H ′l
from G (similar to H, but H is constructed based on G ′, while H ′1,H ′2, . . . ,H ′l are constructed

based on G) with different group radii that correspond to different LODs. Then, we can

regard the groups of each temporary hierarchy graph as short-range query regions. Specif-

ically, to adapt UP-Oracle to become UP-Oracle-MuLa, we add one more step called multi-

layer structure generation at the end of the update phase of UP-Oracle, and we add one more

check in the shortest path query phase of UP-Oracle.

1) Update phase In the multi-layer structure generation step of the update phase of UP-

Oracle-MuLa, we construct a temporary hierarchy graph H ′i from G using a fixed set of

group centers with i·Dmean
2l as radius (where Dmean is all edges’ mean length in G) at each

LOD = i.

(i) When LOD = 1, i.e., the most zoomed-in level, we build H ′1 using the insert intra-

edge and first type inter-edge step of algorithm HGSpan with group radius 1·Dmean
2l . For any

pairs of POIs that belong to the same group in H ′1, we store their exact paths in a hash

table M1. We then store M1 in a hash table MLOD corresponding to LOD = 1.

(ii) When LOD = i > 1, we build H ′i using the same group centers as of H ′1 with

group radius i·Dmean
l . For any pair of POIs that belong to the same group in H ′i, we store

their exact path in a hash table Mi, such that these paths is not in any previous tables

M1,M2, . . . ,Mi−1. We then store Mi in MLOD corresponding to LOD = i. We repeat this

until i = l. Finally, MLOD and G ′ are returned as the output.

Note that when LOD = i > 1, H ′i−1 and H ′i have the same group centers, but the group

radius of H ′i is larger than that of H ′i−1, so if a pair of POIs belong to the same group in

H ′i−1 (such that their corresponding exact path is stored in one of M1,M2, . . . ,Mi−1), they
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also belong to the same group in H ′i, and we do not need to store this exact path again

in Mi. Thus, the sum of exact paths stored in MLOD does not exceed the total number of

exact paths in G.

2) Shortest path query phase In the shortest path query phase of UP-Oracle-MuLa, given

MLOD, G ′, a LOD i, and a pair of POIs s and t in P, (i) if the exact path between s and t is

not in M1,M2, . . . ,Mi of MLOD, we use Dijkstra’s algorithm between them on G ′ using the

shortest path query phase of UP-Oracle; (ii) otherwise, we simply return the exact paths.

4.2.6 Adaptation to the AR2AR Query (UP-Oracle-AR2AR)

We can adapt UP-Oracle to be UP-Oracle-AR2AR for the AR2AR query. We first place

Steiner points on Tbef using the method in study [35], and then use them as input (not

the POIs) to construct UP-Oracle-AR2AR (as of UP-Oracle). When Tbef changes to Taft, the

positions of Steiner points (based on Taft) also change, we update UP-Oracle-AR2AR using

these Steiner points accordingly. For the shortest path query phase, given arbitrary point

s (resp. t) on face fs (resp. ft), we let S(s) (resp. S(t)) be a set of Steiner points on fs

(resp. ft) and the adjacent faces [35]. Then, we return ΠG ′(s, t|Taft) in UP-Oracle-AR2AR

(which has the same definition in UP-Oracle) by concatenating Π(s,p|Taft), ΠG ′(p,q|Taft),

and Π(q, t|Taft) such that |ΠG ′(s, t|Taft)| = minp∈S(s),q∈S(t)[|Π(s,p|Taft)| + |ΠG ′(p,q|Taft)| +

|Π(q, t|Taft)|], where |Π(s,p|Taft)| and |Π(q, t|Taft)| can be calculated in O(1) time using al-

gorithm SSAD and |ΠG ′(p,q|Taft)| is distance of the path between p and q returned by

UP-Oracle-AR2AR.

4.2.7 Theoretical Analysis

Theorem 4.2.1 analyzes UP-Oracle and its two adaptations.

Theorem 4.2.1 The oracle construction time, oracle update time, output size and shortest

path query time of (1) UP-Oracle and (2) UP-Oracle-MuLa are both O(nN2), O(N2 +

n log2 n), O(n) and O(logn), and (3) UP-Oracle-AR2AR are O( N3

sin θ
√
ϵ

log 1
ϵ), O(N2 +

N
sin θ

√
ϵ

log 1
ϵ log2( N

sin θ
√
ϵ

log 1
ϵ), O( N

sin θ
√
ϵ

log 1
ϵ) and O(log( N

sin θ
√
ϵ

log 1
ϵ)), respectively. (1)
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UP-Oracle, (2) UP-Oracle-MuLa, and (3) UP-Oracle-AR2AR satisfy |ΠG ′(s, t|Taft)| ⩽ (1 +

ϵ)|Π(s, t|Taft)| for any pairs of (1 & 2) POIs s and t in P, and (3) points s and t on Taft, respectively.

Proof. We give the proof for UP-Oracle as follows.

Firstly, we prove the oracle construction time of UP-Oracle. When calculating the pair-

wise P2P exact shortest paths, it needs O(nN2) time, since there are n POIs, and each POI

needs O(N2) time using algorithm SSAD for calculating the exact shortest path from this

POI to other POI passing on Tbef. So the oracle construction time of UP-Oracle is O(nN2).

Secondly, we prove the oracle update time of UP-Oracle.

• In the updated TIN detection step, it needs O(N) time. Since we just need to iterate

each face in Taft and Tbef. Since the number of faces in Taft and Tbef is O(N), it needs

O(N) time.

• In the Exact shortest path update step, it needs O(N2) time. Since we just need

to update a constant number of POIs (which is shown by our experiments) using

algorithm SSAD for calculating the exact shortest path from this POI to other POI

passing on Taft, and each algorithm SSAD needs O(N2) time, so it needs O(N2) time

in total.

• In the sub-graph generation step, it needs O(n log2 n) time. Since this step is us-

ing algorithm HGSpan, and algorithm HGSpan runs in O(n log2 n) time as stated in

Lemma 4.2.4.

In general, the oracle update time of UP-Oracle is O(N2 +n log2 n).

Thirdly, we prove the output size of UP-Oracle. According to [29], we know that the

output graph of algorithm HGSpan, i.e., G ′, has O(n) edges. So, the output size of UP-

Oracle is O(n).

Fourthly, we prove the shortest path query time of UP-Oracle. Since we need to perform

Dijkstra’s algorithm on G ′, and in our experiments, G ′ has O(1) edges and n vertices, so

using a Fibonacci heap in Dijkstra’s algorithm, the shortest path query time of UP-Oracle

is O(logn).
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Fifthly, we prove the error bound of UP-Oracle. The error bound of UP-Oracle is due

to the error bound of algorithm HGSpan. As stated in Lemma 4.2.4, on the output graph

of algorithm HGSpan, i.e., G ′, we always have |ΠG ′(u, v|Taft)| ⩽ (1 + ϵ)|Π(u, v|Taft)| for any

pairs of vertices u and v in G ′.V . Thus, we have the error bound of UP-Oracle, i.e., UP-

Oracle satisfies |ΠG ′(u, v|Taft)| ⩽ (1 + ϵ)|Π(u, v|Taft)| for any pairs of POIs u and v in P.

We give the proof for UP-Oracle-MuLa as follows.

Firstly, the oracle construction time of UP-Oracle-MuLa is the same as UP-Oracle.

Secondly, we prove the oracle update time of UP-Oracle-MuLa. Apart from the oracle

update time O(N2 + n log2 n) of UP-Oracle, we need O(n logn) time in the multi-layer

structure generation step. Since to construct a temporary hierarchy graph, there are at

most O(1) group centers in this temporary hierarchy graph according to Lemma 6 in [29],

we just need to run Dijkstra’s algorithm (in O(n logn) time) on G for O(1) times in order

to calculate intra-edges and inter-edges for this temporary hierarchy graph. Since there

are total O(1) temporary hierarchy graphs, this step needs O(n logn) time. In general, the

oracle update time of UP-Oracle-MuLa is O(N2 +n log2 n+nlogn) = O(N2 +n log2 n).

Thirdly, we prove the oracle size of UP-Oracle-MuLa. The output size includes the output

graph size O(n) of algorithm HGSpan, and the size of MLOD O(n) (since not all the exact

paths are stored in MLOD). In general, the oracle size of UP-Oracle-MuLa is O(n+ n) =

O(n).

Fourthly, we prove the shortest path query time and error bound. The experimental short-

est path query time and error bound are better than UP-Oracle since UP-Oracle-MuLa stores

some exact paths in MLOD, but the theoretical time and error are the same as UP-Oracle.

We give the proof for UP-Oracle-A2A as follows. For the oracle construction time, or-

acle update time, output size and shortest path query time, since we place total N
sin θ

√
ϵ

log 1
ϵ

Steiner points [35] on the faces of the TIN, so we use this value to substitute n in the or-

acle construction time, oracle update time, output size and shortest path query time of

UP-Oracle to obtain the results for UP-Oracle-A2A. For the error bound, we first know that

|ΠG ′(p,q|Taft)| ⩽ (1 + ϵ)|Π(p,q|Taft)| for any two Steiner points p and q due to the error

bound of UP-Oracle. According to study [35], if |ΠG ′(p,q|Taft)| ⩽ (1 + ϵ)|Π(p,q|Taft)|, then

|ΠG ′(s, t|Taft)| ⩽ (1 + ϵ)|Π(s, t|Taft)| for two arbitrary points s and t.
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In general, we finish the proof. □

Since the adapted UP-Oracle for subsequent changes has the same update phase as

UP-Oracle, they share the same complexity analysis.

4.3 Empirical Studies

4.3.1 Experimental Setup

We performed experiments on a Linux machine with 2.20 GHz CPU and 512GB memory.

We implemented algorithms in C++. Our experimental setup generally follows the setups

in the literature [45, 46, 51, 71, 72].

1) Datasets We conducted our experiments on 30 (= 5× 6) real before and after earth-

quake TIN datasets listed in Table 4.2 with 0.5M faces. We obtained the earthquake

3D satellite models with a 5km × 5km region from Google Earth with a resolution of

10m [64, 71, 72, 79, 82], and then we use Blender [1] to generate the TIN. To study the scala-

bility, we follow an existing multi-resolution TIN dataset generation procedure [72, 79, 82]

to obtain different resolutions of these datasets with 1M, 1.5M, 2M, 2.5M faces. This pro-

cedure appears in [85]. We extracted 500 POIs using OpenStreetMap [72, 79, 82].

Table 4.2. TIN datasets in the study of shortest path
queries on updated TINs
Name Magnitude Date
Tohoky, Japan (TJ) [15] 9.0 Mar 11, 2011
Sichuan, China (SC) [58] 8.0 May 12, 2008
Gujarat, India (GI) [14] 7.6 Jan 26, 2001
Alaska, USA (AU) [13] 7.1 Nov 30, 2018
Leogane, Haiti (LH) [57] 7.0 Jan 12, 2010
Valais, Switzerland (VS) [18] 4.1 Oct 24, 2016

Remark: Real earthquake TIN datasets.

2) Algorithms We included (i) the best-known exact on-the-fly algorithm WAV-Fly-

Algo [25, 73], (ii) the best-known approximate on-the-fly algorithm ESP-Fly-Algo [45, 79],

(iii) the best-known oracle SE-Oracle [71, 72] for the P2P query, (iv) its adaptation SE-UP-

Oracle, (v) the best-known oracle EAR-Oracle [43] for the AR2AR query, (vi) its adaptation
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EAR-UP-Oracle, (vii) the adapted oracle from point clouds to TINs RC-TIN-UP-Oracle [82]

and (viii) its adaptation EAR-UP-Oracle as baselines. In Table 4.3, we compared these al-

gorithms with UP-Oracle. The comparisons of all algorithms can be found in [85]. Since

the adapted UP-Oracle for subsequent changes has the same update phase as UP-Oracle,

they have the same complexity and we omit the former oracle. For on-the-fly algorithms,

we cannot run them in parallel (i.e., using a distributed implementation), since we only

execute them once for one source. For oracles, we can run them in parallel for faster

processing, since we execute them multiple times for different sources. But, for the com-

parison fairness for on-the-fly algorithms, we do not run oracles in parallel.

Table 4.3. Comparison of algorithms on an updated TIN regarding UP-Oracle
Algorithm Oracle construction time Oracle update time Output size Shortest path query time
Oracle-based algorithm

SE-Oracle [71, 72] O(nN2

ϵ2β + nh
ϵ2β

+nh logn)
Large O(nN2

ϵ2β + nh
ϵ2β

+nh logn)
Large O( nh

ϵ2β ) Large O(h2) Small

SE-UP-Oracle [71, 72] O(nN2

ϵ2β + nh
ϵ2β

+nh logn)
Large O(µ1N

2 +n log2 n) Large O(n) Small O(logn) Small

EAR-Oracle [43]
O(λξ(mN)2

+ N3

ϵ2β + Nh
ϵ2β

+Nh logN)

Large
O(λξ(mN)2

+ N3

ϵ2β + Nh
ϵ2β

+Nh logN)

Large
O(λmN

ξ

+ Nh
ϵ2β )

Large O(λξ log(λξ)) Medium

EAR-UP-Oracle [43]
O(λξ(mN)2

+ N3

ϵ2β + Nh
ϵ2β

+Nh logN)

Large O(µ2N
2 +n log2 n) Large O(n) Small O(logn) Small

RC-TIN-Oracle [82] O(nN2

ϵ
+n logn)

Small O(nN2

ϵ +n logn) Large O(nN
ϵ ) Medium O(1) Small

RC-TIN-UP-Oracle [82] O(nN2

ϵ
+n logn)

Small O(µ3N
2 +n log2 n) Large O(n) Small O(logn) Small

UP-Oracle (ours) O (nN2) Small O (N2 + n log2 n) Small O (n) Small O (log n) Small
On-the-fly algorithm

WAV-Fly-Algo [25, 73] - N/A - N/A - N/A O(N2) Large
ESP-Fly-Algo [45, 79] - N/A - N/A - N/A O(γ logγ) Large

Remark: n << N, h is the compressed partition tree’s height, β is the largest capacity dimension [71, 72],
λ is the number of highway nodes in one square, ξ is the number of boxes under square root, m is the
number of Steiner points on each face, µ1, µ2, µ3, µ4, µ5 and µ6 are data-dependent variables, µ1 ∈ [5, 20],
µ2 ∈ [12, 45], µ3 ∈ [30, 65], µ4 ∈ [50, 200], µ5 ∈ [300, 650] and µ6 ∈ [5, 10] in our experiments, θ is the
minimum angle of the face in the TIN, lmax (resp. lmin) is longest (resp. shortest) length of edges in TIN, and
γ = lmaxN

ϵlmin
√

1−cosθ
.

3) Query generation We randomly chose pairs of POIs in P for the P2P query, or arbi-

trary points on Taft for the AR2AR query, and we reported the average, minimum and

maximum results of 100 queries.

4) Factors and measurements We studied three factors, namely (i) ϵ (i.e., the error pa-

rameter), (ii) n (i.e., the number of POIs) and (iii) dataset size DS (i.e., the number of faces

in a TIN). We used five measurements to evaluate the algorithm performance, namely (i)
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oracle construction time, (ii) oracle update time, (iii) oracle size (i.e., the space usage of G, Mdist

and H), (iv) output size (i.e., the space usage of G ′), (v) shortest path query time and (vi)

distance error ratio.

4.3.2 Experimental Results

Since SE-Oracle, SE-UP-Oracle, EAR-Oracle, EAR-UP-Oracle, RC-TIN-Oracle and RC-TIN-

UP-Oracle have excessive oracle update times with 500 POIs (more than 1 days), we com-

pare (1) all algorithms on 30 datasets with fewer POIs (50 by default), and (2) UP-Oracle,

WAV-Fly-Algo and ESP-Fly-Algo on 30 datasets with more POIs (500 by default). For the

shortest path query time, the vertical bar and the points denote the minimum, maximum

and average results.

1) Ablation study for the P2P query We consider 6 variations of UP-Oracle, i.e., (i) we

use a random POI selection sequence, instead of using our optimal POI selection sequence,

(ii) we use the full shortest distance of a shortest path as the disk radius, instead of using

our minimum disk radius, (iii) we do not store the POI-to-vertex distance information and

re-calculate the shortest path passing on Taft for determining whether the disk intersects

with ∆F, instead of using our efficient distance approximation, (iv) we create two disks

for each path when checking whether we need to re-calculate the shortest path between

a pair of POIs, instead of using our efficient disk and updated face intersection check,

(v) we remove the sub-graph generation step, i.e., algorithm HGSpan in the update phase

and use a hash table to store the pairwise P2P exact shortest paths passing on Taft in G

and (vi) we use algorithm GSpan [21] or algorithm SGSpan [29] (degenerates to algorithm

GSpan when the input is a complete graph), instead of using algorithm HGSpan in the sub-

graph generation step of the update phase. We use UP-Oracle-X where X ∈ {RanSelSeq,

FullRad, NoDistAppr, NoEffIntChe, NoEdgPru, NoEffEdgPru} to denote these variations. The

first four oracles correspond to the four techniques in Chapter 4.2.2. The last two oracles

correspond to the idea covered in Chapter 4.2.2.

In Figure 4.6 (resp. Figure 4.7), we test the 5 values of n in {50, 100, 150, 200, 250}

on TJ (resp. {500, 1000, 1500, 2000, 2500} on SC) dataset while fixing ϵ at 0.1 and DS at

0.5M (resp. ϵ to 0.25 and DS to 0.5M) for the ablation study involving 6 variations (resp.

the last 3 variations, since the first 3 variations have excessive oracle update times with
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500 POIs) and UP-Oracle. The oracle update time for UP-Oracle-X, where X ∈ {RanSelSeq,

FullRad, NoDistAppr, NoEffIntChe, NoEffEdgPru} exceeds that of UP-Oracle due to the four

techniques from Chapter 4.2.2 and the use of algorithm HGSpan from Chapter 4.2.2. Al-

though the oracle update time and the shortest path query time of UP-Oracle-NoEdgPru

are slightly smaller than those of UP-Oracle, the output size for UP-Oracle-NoEdgPru is 104

times due to the use of algorithm HGSpan. Thus, UP-Oracle is the best oracle among the

variations.
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Figure 4.6. Ablation study on TJ dataset with fewer POIs for the P2P query regarding
UP-Oracle
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Figure 4.7. Ablation study on SC dataset with more POIs for the P2P query regarding
UP-Oracle

2) Baseline comparisons for the P2P query We proceed to compare different baselines

with UP-Oracle.

Effect of ϵ: In Figure 4.8, we test the 6 values of ϵ in {0.05, 0.1, 0.25, 0.5, 0.75, 1} on

GI dataset with fewer POIs while fixing n at 50 and DS at 0.5M. Although all algorithms
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have errors close to 0%, UP-Oracle offers superior performance over other baselines con-

cerning the oracle construction time, oracle update time, output size and shortest path

query time due to the non-updated TIN shortest path intact property, the stored pairwise

P2P exact shortest paths passing on Tbef, and the use of algorithm HGSpan in UP-Oracle.

Although the oracle size of UP-Oracle is slightly larger than those of SE-Oracle, SE-UP-

Oracle, RC-TIN-Oracle and RC-TIN-UP-Oracle, the oracle update time of UP-Oracle is 88

times, 21 times, 70 times and 17 times smaller, respectively. Varying ϵ has (i) no impact on

the oracle construction time of UP-Oracle since it is independent of ϵ, (ii) a small impact

on the oracle update time of UP-Oracle, since when n is small, the exact shortest path up-

date step dominates the sub-graph generation step, and the former step is independent of

ϵ and (iii) a small impact on the oracle construction time and oracle update time of other

oracles since their early termination criteria of using algorithm SSAD are loose (i.e., they

need to use algorithm SSAD to cover most of the POIs or highway nodes as destinations

even when ϵ is large).
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Figure 4.8. Baseline comparisons (effect of ϵ on GI dataset with fewer POIs for the P2P
query) regarding UP-Oracle

Effect of n: In Figure 4.9, we test the 5 values of n in {50, 100, 150, 200, 250} on AU

dataset while fixing ϵ at 0.1 (we also have the results with 5 values of n in {500, 1000, 1500,
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2000, 2500} while fixing ϵ at 0.25 in [85]) and DS at 0.5M. The oracle update time, output

size and shortest path query time of UP-Oracle remain better than those of the baselines.

Specifically, the oracle update time of UP-Oracle is 21 times, 23 times and 17 times smaller

than those of SE-UP-Oracle, EAR-UP-Oracle and RC-TIN-UP-Oracle, respectively. Since SE-

UP-Oracle, EAR-UP-Oracle and RC-TIN-UP-Oracle have output graph G ′ (which is similar

to UP-Oracle), their output size and shortest path query time are similar to those of UP-

Oracle.
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Figure 4.9. Baseline comparisons (effect of n on AU dataset with fewer POIs for the P2P
query) regarding UP-Oracle

3) Scalability test for the P2P query (effect of DS) In Figure 4.10, we test 5 values of DS

in {0.5M, 1M, 1.5M, 2M, 2.5M} on LH dataset with more POIs while fixing ϵ at 0.25 and n

at 500. UP-Oracle can scale up to a large dataset with 2.5M points. Since UP-Oracle is an

oracle, its shortest path query time is 105 times smaller than that of ESP-Fly-Algo.
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Figure 4.10. Scalability test (effect of DS on LH dataset with more POIs for the P2P query)
regarding UP-Oracle
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4) Baseline comparisons for multi-layer structure In Figure 4.11, we compare UP-Oracle

and UP-Oracle-MuLa by varying ϵ from {0.05, 0.1, 0.25, 0.5, 0.75, 1} and fixing n at 500 and

DS at 0.5M on SC dataset. The oracle update time, output size and shortest path query

time of UP-Oracle-MuLa are 1.1 times larger, 10 times larger and 2 times smaller than those

of UP-Oracle, since UP-Oracle-MuLa uses MLOD to store some exact paths to accelerate

shortest-range queries.
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Figure 4.11. Baseline comparisons on SC dataset for multi-layer structure regarding UP-
-Oracle

5) Baseline comparisons for the AR2AR query In Figure 4.12, we test the AR2AR query

by varying ϵ from {0.05, 0.1, 0.25, 0.5, 0.75, 1} while fixing DS at 2k on a multi-resolution

of SC dataset. We adapt SE-Oracle, SE-UP-Oracle, RC-TIN-Oracle and RC-TIN-UP-Oracle

that answer the P2P query in a similar way to UP-Oracle-AR2AR, and denote them as

SE-Oracle-AR2AR, SE-UP-Oracle-AR2AR, RC-TIN-Oracle-AR2AR and RC-TIN-UP-Oracle-

AR2AR (such that they can answer the AR2AR query). The oracle update time of UP-

Oracle-AR2AR is 15 times better than the best-known oracle EAR-Oracle on TINs for the

AR2AR query.

6) Case study (landslide) We performed a case study on the wildfire evacuation in Santa

Monica Mountains National Recreation Area in Chapter 1. Recall that the wildfire causes

a landslide. We construct the oracle before the wildfire and landslide. When the wildfire

and landslide happen, we capture the newest TIN, and then we update the oracle. In

this case study, on a TIN with 0.5M faces and 250 POIs, UP-Oracle just needs 400s ≈ 6.7

min to update the oracle, but the best-known oracle SE-Oracle for the P2P query needs

35,100s ≈ 9.8 hours. Answering 100 paths takes 0.1s for UP-Oracle, 8,600s ≈ 2.4 hours for

the best-known on-the-fly algorithm ESP-Fly-Algo, and 0.3s for SE-Oracle. Thus, only UP-
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Figure 4.12. Baseline comparisons on SC dataset for the AR2AR query regarding UP-Ora-
cle

Oracle is suitable for evacuation to save lives. In addition, since time-consuming to build

evacuation paths in the damaged region, fewer paths imply that the total time to build

evacuation paths is smaller, enabling the rescue teams to focus on saving lives. For other

nearby regions, rescue teams need to keep roads clear to avoid road blockages caused by

panic. Fewer paths imply that the number of rescue teams needed for road maintenance

is smaller, enabling an increased focus on saving lives. Thus, we also aim at reducing the

number of edges in the UP-Oracle output graph.

7) Case study (marsquake) We performed another case study on the marsquake in

Chapter 1. Mars rovers aim to find the shortest escape paths quickly to avoid damage

after marsquake. For Mars rovers, we only know the damaged region after a quake, so

the coverage of the original TIN stored in Mars rovers is large (e.g., the entire Mars sur-

face), and similar to the updated TIN. NASA’s Mars 2020 rover has 256MB memory and

2GB hard disk space [16], and it autonomously calculates paths [12]. Since the round trip

signal delay between Earth and Mars is 40 minutes [17], it is time-consuming to send TIN

information captured by a rover after a quake to Earth, ask human experts to find shortest

escape paths, and then send the paths to Mars. Before a quake, a rover stores the tempo-

rary graph G (a complete graph that stores the pairwise P2P exact shortest paths passing

on the original TIN) in the hard disk and transfers this to memory as needed. After a

quake, it needs to update G (a complete graph that stores the updated pairwise P2P exact

shortest paths passing on the updated TIN). It then needs to efficiently generate UP-Oracle

output graph G ′ (a sub-graph of G) for evacuation path calculation. Because our experi-
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mental results show that for a TIN with 250k faces and 250 POIs, the original G consumes

127MB, the updated G occupies 126MB, and G ′ occupies 10MB. When a rover starts to

escape, it needs 210MB extra memory for different sensors to work [28]. Since 126MB +

210MB = 336MB > 256MB and 10MB + 210MB = 220MB < 256MB, we can only fit G ′ in the

memory of a rover for escaping. We have sufficient memory for path updating and sub-

graph generation since 127MB + 126MB = 253MB < 256MB and 126MB + 10MB = 136MB

< 256MB, and we can store the updated G in the hard disk for subsequent changes since

126MB < 2GB.

8) Summary Concerning the oracle update time, output size and shortest path query

time, UP-Oracle is up to 88 times, 12 times and 3 times (resp. 15 times, 50 times and 100

times) better than the best-known oracle SE-Oracle for the P2P query (resp. EAR-Oracle

for the AR2AR query) on TINs. (i) For the P2P query on a TIN with 0.5M faces and 250

POIs, UP-Oracle’s oracle update time is 400s≈ 6.7 min, while SE-Oracle and RC-TIN-Oracle

take 35,100s ≈ 9.8 hours and 28,100s ≈ 7.5 hours. (ii) the shortest path query time for

computing 100 paths is 0.1s for UP-Oracle, while the time is 8,600s ≈ 2.4 hours for ESP-

Fly-Algo, 0.3s for SE-Oracle, and 0.1s for RC-TIN-Oracle. (iii) For the AR2AR query on a

TIN with 20k faces, the oracle update time and shortest path query time for computing

100 shortest paths of UP-Oracle-AR2AR are 480s ≈ 7 min and 0.05s, while the values are

7,100s ≈ 2 hours and 5s for EAR-Oracle.
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CHAPTER 5

ORACLE FOR PROXIMITY QUERIES ON POINT

CLOUDS

This chapter studies proximity queries on point clouds using an oracle. Chapter 5.1 pro-

vides the preliminary. Chapter 5.2 presents the methodology. Chapter 5.3 presents the

experimental results.

5.1 Preliminary

5.1.1 Notation and Definitions

1) Point cloud and TIN Given a set of N points, we let C be a point cloud of these points.

We let xp, yp and zp be the three coordinate values of each point p ∈ C. We let xmax and

xmin (resp. ymax and ymin) be the maximum and minimum x (resp. y) coordinate value

for all points in C. We let Lx = xmax − xmin (resp. Ly = ymax − ymin) be the x-axis (resp.

y-axis) side length of C, and L = max(Lx,Ly). Figure 5.1 (a) shows a point cloud C with

Lx = Ly = 4. In this paper, the point cloud C that we considered is a grid-based point

cloud [23, 36], because a grid-based 3D object, e.g., a grid-based point cloud [23, 36] and a

grid-based TIN [32, 51, 64, 71, 72], is commonly adopted in many papers. Given a point p

in C, we let N(p) be a set of neighbor points of p, which denotes the closest 8 surrounding

points of p in the xy coordinate 2D plane. In Figure 5.1 (a), given a green point q, N(q) is

denoted as 7 blue points and 1 red point s. We can easily extend our problem to the non-

grid-based point cloud. Given a point p in a non-grid-based point cloud, we just change

N(p) to be a set of neighbor points of p such that the Euclidean distance between p and all

points in this non-grid-based point cloud is smaller than a given parameter. Let P be a set

of n POIs, each of which is a point on the point cloud. Since a POI can only be a point on

C, n ⩽ N, i.e., POIs are a subset of points in a point cloud. Let T be a TIN triangulated [37]

by the points in C. Figure 5.1 (b) shows a TIN T . In this figure, given a green vertex q, the

neighbor vertices of q are 6 blue vertices.
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Remark: (a) A point cloud with orange Π∗(s, t|C), (b) a TIN with blue
Π∗(s, t|T) and pink ΠN(s, t|T), (c) a point cloud graph, and (d) a TIN
graph of the TIN.

Figure 5.1. A small point cloud and a TIN

2) Point cloud graph We let G be a point cloud graph of C. G contains a set of vertices

G.V and edges G.E. Each point in C is denoted by a vertex in G.V . For each point q ∈ C,

G.E consists of a set of edges between q and q ′ ∈ N(q), and each edge’s weight is the

Euclidean distance between these two vertices. Figure 5.1 (c) shows a point cloud graph.

Given a pair of points p and p ′ in 3D space, we let dE(p,p ′) be the Euclidean distance

between them. Given a pair of POIs s and t in P, let Π∗(s, t|C) be the exact shortest path

passing on (G of) C between s and t. Given a pair of POIs s and t in P, let Π(s, t|C) be

the shortest path returned by RC-Oracle. The shortest path passing on C from a source

(POI) to a destination (POI) can contain different sub-paths where a sub-path starts from

a point on C to another point on C, i.e., the differences between the points and POIs are

that (i) we use points (from C) to construct G, and then calculate the shortest path passing

on G, but (ii) we use POIs as sources and destinations to calculate the shortest path. G

is stored as a data structure in the memory for internal processing and C can be cleared

from the memory, so we do not need to construct G every time when we need to calculate

the shortest path passing on C. Our experimental results show that it just needs 0.01s to

construct G of C with 2.5M points. Figure 5.1 (a) shows Π∗(s, t|C) in orange line. We let

| · | be a path’s distance (e.g., |Π∗(s, t|C)| is Π∗(s, t|C)’s distance). RC-Oracle guarantees that

|Π(s, t|C)| ⩽ (1 + ϵ)|Π∗(s, t|C)| for any s and t in P.

Similar to G, we let G ′ be a TIN graph of T . G ′ contains a set of vertices G ′.V and

edges G ′.E, where each vertex in T is denoted by a vertex in G ′.V , and each edge in T is

denoted by an edge in G ′.E (the edge’s weight is the same as in G). Figure 5.1 (d) shows a
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TIN graph of the TIN. Given a pair of POIs s and t in P, let Π∗(s, t|T) be the exact shortest

surface path passing on T between s and t. Given a pair of POIs s and t in P, let ΠN(s, t|T)

be the shortest network path passing on (G ′ of) T between s and t. G ′ is also stored

as a data structure in the memory for internal processing and T can be cleared from the

memory. Figure 5.1 (b) shows Π∗(s, t|T) in blue line and ΠN(s, t|T) in pink line. Table 5.1

shows a notation table.

Table 5.1. Frequent used notations in the study of proximity queries on point clouds

Notation Meaning
C The point cloud with a set of points
N The size of C
L The maximum side length of C
dE(p,p ′) The Euclidean distance between point p and p ′

P The set of POI
n The size of P
ϵ The error parameter
T The TIN converted from C

Π∗(s, t|C) The exact shortest path passing on C between s and t

|Π∗(s, t|C)| Π∗(s, t|C)’s distance
Π(s, t|C) The shortest path passing on C between s and t returned by RC-Oracle
Π∗(s, t|T) The exact shortest surface path passing on T between s and t

ΠN(s, t|T) The shortest network path passing on T between s and t

3) Proximity queries We give the details of three proximity queries. (i) In the shortest

path query, given a source s and a destination t, we answer the shortest path between s

and t. (ii) In the kNN query, given a query object q and a user parameter k, we answer all

shortest paths from q to its k nearest objects. (iii) In the range query, given a query object

q and a user parameter r, we answer all shortest paths from q to objects whose distance

to it is at most r.

4) P2P and A2A query By creating POIs that have the same coordinate values as all

points in the point cloud, the A2A query can be regarded as one form of the P2P query.

Furthermore, in the P2P query, there is no need to consider the case when a new POI is

added or removed. In the case when a POI is added, we can create an oracle to answer the

A2A query, which implies we have considered all possible POIs to be added. In the case

when a POI is removed, we can still use the original oracle.
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5.1.2 Problem

Given C and P, the problem is to (1) design an efficient (1 + ϵ)-approximate shortest path

oracle on C with the best performance concerning the oracle construction time, oracle size

and shortest path query time such that |Π(s, t|C)| ⩽ (1 + ϵ)|Π∗(s, t|C)| for any pairs of s

and t in P, and (2) use this oracle for efficiently answering the (1 + ϵ)-approximate kNN

and range query.

5.2 Methodology

5.2.1 Overview of RC-Oracle

We first illustrate RC-Oracle with an example. In Figure 5.2 and Figure 5.3 (a), we have a

point cloud, a set of POIs and an error parameter ϵ. In Figure 5.2 and Figures 5.3 (b) - (e),

we construct RC-Oracle by calculating the shortest paths among these POIs. In Figure 5.2

and Figure 5.3 (f), we answer the shortest path query between a pair of POIs using RC-

Oracle. Next, we introduce the two components and two phases of RC-Oracle.

Path map table Mpath and
endpoint map table Mend

Pair of POIs s and t in P, Mpath andMend Shortest path Π (s , t|C)

Construction phase

Shortest path query phase

Point cloud C, set of POIs P
and error parameter 𝜀 Path calculation

Path query

Figure 5.2. RC-Oracle framework overview description
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⟨a, c⟩ Π∗(a, c|C)
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⟨a, e⟩ Π∗(a, e|C)
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… …
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Figure 5.3. RC-Oracle framework overview
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1) Components of RC-Oracle There are two components, i.e., the path map table and the

endpoint map table.

(i) The path map table Mpath is a hash table [27] that stores a set of key-value pairs. For

each key-value pair, it stores a pair of endpoints (i.e., POIs) u and v, as a key ⟨u, v⟩ (the key

here refers to a pair of endpoints), and the corresponding exact shortest path Π∗(u, v|C)

passing on C, as a value (the value here refers to a whole path). Mpath needs linear space

concerning the number of paths to be stored. Given a pair of endpoints (i.e., POIs) u and

v, Mpath can return the associated exact shortest path Π∗(u, v|C) passing on C in O(1) time.

In Figure 5.3 (d), there are 7 exact shortest paths passing on C, and they are stored in Mpath

in Figure 5.3 (e). For the exact shortest paths passing on C between b and c, Mpath stores

⟨b, c⟩ as a key and Π∗(b, c|C) as a value.

(ii) The endpoint map table Mend is a hash table that stores a set of key-value pairs.

For each key-value pair, it stores an endpoint (i.e., a POI) u as a key (such that we do

not store all the exact shortest paths passing on C in Mpath from u to other non-processed

endpoints, and the key here refers to an endpoint), and another endpoint (i.e., a POI) v as a

value (such that v is close to u, and we concatenate Π∗(u, v|C) and the exact shortest paths

passing on C with v as a source, to approximate the shortest paths passing on C with u

as a source, and the value here refers to an endpoint). The space consumption and query

time of Mend is similar to Mpath. In Figure 5.3 (d), a is close to b, we concatenate Π∗(b,a|C)

and the exact shortest paths passing on C with a as a source, to approximate the shortest

paths passing on C with b as a source, so we store b as a key and a as a value in Mend in

Figure 5.3 (e).

2) Phases of RC-Oracle There are two phases, i.e., construction phase and shortest path

query phase (see Figures 5.2 and 5.3). (i) In the construction phase, given a point cloud C, a

set of POIs P and an error parameter ϵ, we pre-compute the exact shortest paths passing

on C between some selected pairs of POIs, store them in Mpath, and store the non-selected

POIs and their corresponding selected POIs in Mend. (ii) In the shortest path query phase,

given a pair of POIs s and t, Mpath and Mend, we answer the path results between s and t

efficiently.
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5.2.2 Key Ideas of RC-Oracle

1) Small oracle construction time We give the reason why RC-Oracle has a small oracle

construction time.

(i) Rapid point cloud on-the-fly shortest path querying by algorithm FastFly: When

constructing RC-Oracle, given a point cloud C and a pair of POIs s and t on C, we use

algorithm FastFly (a Dijkstra’s algorithm [34]) to directly calculate the exact shortest path

passing on the point cloud graph of C between s and t, which is efficient.

(ii) Rapid oracle construction: When constructing RC-Oracle, we regard each POI as a

source and use algorithm FastFly, i.e., a SSAD algorithm, for n times for oracle construc-

tion, and we assign a tight earlier termination criteria for each POI to terminate the SSAD

algorithm earlier for time-saving. There are two versions of a SSAD algorithm. The first

version is that given a source POI and a set of destination POIs, the SSAD algorithm can

terminate earlier if it has visited all destination POIs. The second version is that given

a source POI and a termination distance (denoted by D), the SSAD algorithm can termi-

nate earlier if the searching distance from the source POI is larger than D. We use the

first version. For each POI, by considering more geometry information of the point cloud,

including the Euclidean distance and the distance of the previously calculated shortest

paths, we use tight earlier termination criteria to calculate the corresponding destination

POIs, such that the number of destination POIs is minimized, and these destination POIs

are closer to the source POI compared with other POIs.

We use an example for illustration. In Figure 5.3 (a), we have a set of POIs a,b, c,d, e.

In Figure 5.3 (b) - (d), we process these POIs based on their y-coordinate, i.e., we process

them in the order of a,b, c,d, e. In Figure 5.3 (b), for a, we use the SSAD algorithm (i.e.,

FastFly) to calculate the shortest paths passing on C from a to all other POIs. We store the

paths in Mpath. In Figure 5.3 (c), for b, if b is close to a, more specifically 2
ϵ · |Π

∗(a,b|C)| <

dE(b,d) and 2
ϵ · |Π

∗(a,b|C)| < dE(b, e), which is judged using the previously calculated

|Π∗(a,b|C)|, and if b is far away from d (resp. e), more specifically 2
ϵ · |Π

∗(a,b|C)| < dE(b,d)

(resp. 2
ϵ · |Π

∗(a,b|C)| < dE(b, e)), which is judged using the Euclidean distance dE(b,d)

(resp. dE(b, e)), then we can use Π∗(b,a|C) and Π∗(a,d|C) (resp. Π∗(b,a|C) and Π∗(a, e|C))

to approximate Π∗(b,d|C) (resp. Π∗(b, e|C)). Thus, we just need to use the SSAD algorithm
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with b as a source, and terminate earlier when it has visited c. We store the path in Mpath,

and b as key and a as value in Mend. In Figure 5.3 (d), for c, we repeat the process as

of for a. We store the paths in Mpath. Similarly, for d, we use |Π∗(c,d|C)| and dE(c, e) to

determine whether we can terminate the SSAD algorithm earlier with d as a source. We

found that there is even no need to use the SSAD algorithm with d as the source. For

different POIs b and d, we use customized termination criteria (i.e., |Π∗(a,b|C)| and dE(b,d)

for b, |Π∗(c,d|C)| and dE(c, e) for d) to calculate a tight and different set of destination

POIs for time-saving. We store d as key and c as value in Mend. In Figure 5.3 (e), we have

Mpath and Mend.

However, in SE-Oracle-Adapt, it has the loose criterion for algorithm earlier termination

drawback. After the construction of the compressed partition tree, it pre-computes the

shortest surface paths passing on T using the SSAD algorithm (i.e., CH-Adapt) with each

POI as a source for n times, to construct the well-separated node pair sets. It uses the sec-

ond version of the SSAD algorithm and sets termination distance D = 8r
ϵ + 10r, where r is

the source POI’s radius in the compressed partition tree. Given two POIs p and q in the

same level of the compressed partition tree, their termination distances are the same (sup-

pose that the value is d1). However, for p, it is enough to terminate the SSAD algorithm

when the searching distance from p is larger than d2, where d2 < d1. This results in a large

oracle construction time. In Figure 5.4, when processing d, suppose that b and d are in

the same level of the compressed partition tree, and they use the same termination criteria

to get the same termination distance D. Since |Π∗(d, e|C)| < D, for d, it cannot terminate

the SSAD algorithm earlier until e is visited, which means its termination criteria is loose.

The two versions of the SSAD algorithm have similar ideas, we achieve a small oracle

construction time mainly by using tight and customized termination criteria for different

POIs.

2) Small oracle size We introduce the reason why RC-Oracle has a small oracle size. We

only store a small number of paths in RC-Oracle, i.e., we do not store the paths between

any pairs of POIs. In Figure 5.3 (d), for a pair of POIs b and d, we use Π∗(b,a|C) and

Π∗(a,d|C) to approximate Π∗(b,d|C), i.e., we will not store Π∗(b,d|C) in Mpath for memory

saving.

87



a
b

c

d
e

D

Figure 5.4. An illustration of SE-Oracle-Adapt

3) Small shortest path query time We use an example to introduce the reason why RC-

Oracle has a small shortest path query time. In Figure 5.3 (f), in the shortest path query

phase of RC-Oracle, we need to query the shortest path passing on C (i) between a source

a and a destination d, and (2) between a source b and a destination d. (1) For a and d,

since ⟨a,d⟩ ∈ Mpath.key, we can directly return Π∗(a,d|C). (ii) For b and d, since ⟨b,d⟩ /∈

Mpath.key, b and d are both keys in Mend, we use the key b with a smaller y-coordinate

value to retrieve the value a in Mend, and then in Mpath, we use ⟨b,a⟩ and ⟨a,d⟩ to retrieve

Π∗(b,a|C) and Π∗(a,d|C), for approximating Π∗(b,d|C).

5.2.3 Implementation Details of RC-Oracle

1) Construction phase Given a point cloud C and a set of POIs P, RC-Oracle pre-

computes the exact shortest paths passing on C between some selected pairs of POIs,

stores them in Mpath, and stores the non-selected POIs and their corresponding POIs in

Mend.

Notation: Let Premain = {p1,p2, . . . } be a set of remaining POIs of P that we have not

used algorithm FastFly to calculate the exact shortest paths passing on C with pi ∈ Premain

as a source. Premain is initialized to be P. Given a POI q, let Pdest(q) = {p1,p2, . . . } be a set

of POIs of P that we need to use FastFly to calculate the exact shortest paths passing on C

from q to pi ∈ Pdest(q). Pdest(q) is empty at the beginning. In Figure 5.3 (c), Premain = {c,d, e}

since we have not used FastFly to calculate the exact shortest paths with c, d, e as source,

Pdest(b) = {c} since we need to use FastFly to calculate the exact shortest path from b to c.

Detail and example: Algorithm 7 shows the construction phase in detail, and the fol-
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lowing illustrates it with an example.

Algorithm 7 Construction (C,P, ϵ)
Input: a point cloud C, a set of POIs P and and an error parameter ϵ
Output: a path map table Mpath and an endpoint map table Mend

1: Premain ← P,Mpath ← ∅,Mend ← ∅
2: if Lx ⩾ Ly (resp. Lx < Ly) then
3: sort POIs in Premain in ascending order using x-coordinate (resp. y-coordinate)
4: while Premain is not empty do
5: u← a POI in Premain with the smallest x-coordinate / y-coordinate
6: Premain ← Premain − {u},P ′remain ← Premain
7: calculate the exact shortest paths passing on C from u to each POI in P ′remain simul-

taneously using algorithm FastFly
8: for each POI v ∈ P ′remain do
9: key← ⟨u, v⟩, value← Π∗(u, v|C), Mpath ←Mpath ∪ {key, value}

10: sort POIs in P ′remain in ascending order using the exact distance on C between u and
each v ∈ Premain, i.e., |Π∗(u, v|C)|

11: for each sorted POI v ∈ P ′remain such that dE(u, v) ⩽ ϵL do
12: Premain ← Premain − {v},P ′remain ← P ′remain − {v},Pdest(v)← ∅
13: for each POI w ∈ P ′remain do
14: if 2

ϵ · |Π
∗(u, v|C)| < dE(v,w) and v /∈Mend.key then

15: key← v, value← u, Mend ←Mend ∪ {key, value}
16: else if 2

ϵ · |Π
∗(u, v|C)| ⩾ dE(v,w) then

17: Pdest(v)← Pdest(v)∪ {w}

18: calculate the exact shortest paths passing on C from v to each POI in Pdest(v) si-
multaneously using algorithm FastFly

19: for each POI w ∈ Pdest(v) do
20: key← ⟨v,w⟩, value← Π∗(v,w|C), Mpath ←Mpath ∪ {key, value}
21: return Mpath and Mend

(i) POIs sort (lines 2-3): In Figure 5.3 (b), since Lx < Ly, the sorted POIs are a, b, c, d, e.

(ii) Shortest paths calculation (lines 4-20): There are two steps.

• Exact shortest paths calculation (lines 5-9): In Figure 5.3 (b), a has the smallest y-

coordinate based on the sorted POIs in Premain, we delete a from Premain (so Premain =

P ′remain = {b, c,d, e}), calculate the exact shortest paths passing on C from a to b, c, d,

e (in purple lines) using algorithm FastFly, and store each POIs pair as a key and the

corresponding path as a value in Mpath.

• Shortest paths approximation (lines 10-20): In Figure 5.3 (c), b is the POI in P ′remain

closest to a, c is the POI in P ′remain second closest to a, so the following order is
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b, c, . . . . There are two cases:

– Approximation loop start (lines 11-20): In Figure 5.3 (c), we first select a’s closest

POI in P ′remain, i.e., b, since dE(a,b) ⩽ ϵL, it means a and b are not far away,

we start the approximation loop, delete b from Premain and P ′remain, so Premain =

P ′remain = {c,d, e}. There are three steps:

∗ Far away POIs selection (lines 13-15): In Figure 5.3 (c), 2
ϵ · |Π

∗(a,b|C)| < dE(b,d),
2
ϵ · |Π

∗(a,b|C)| < dE(b, e), d /∈Mend.key and e /∈Mend.key, it means d and e are

far away from b, we can use Π∗(b,a|C) and Π∗(a,d|C) that we have already

calculated before to approximate Π∗(b,d|C), and use Π∗(b,a|C) and Π∗(a, e|C)

that we have already calculated before to approximate Π∗(b, e|C), so we get

Π(b,d|C) by concatenating Π∗(b,a|C) and Π∗(a,d|C), and get Π(b, e|C) by

concatenating Π∗(b,a|C) and Π∗(a, e|C), we store b as key and a as value in

Mend.

∗ Close POIs selection (line 13 and lines 16-17): In Figure 5.3 (c), 2
ϵ · |Π

∗(a,b|C)| ⩾

dE(b, c), it means c is close to b, so we cannot use any existing exact short-

est paths passing on C to approximate Π∗(b, c|C), and then we store c into

Pdest(b).

∗ Selected exact shortest paths calculation (lines 18-20): In Figure 5.3 (c), when we

have processed all POIs in P ′remain with b as a source, we have Pdest(b) = {c},

we use algorithm FastFly to calculate the exact shortest path passing on C

between b and c, i.e., Π∗(b, c|C) (in green line), and store ⟨b, c⟩ as a key and

Π∗(b, c|C) as a value in Mpath. Note that we can terminate algorithm FastFly

earlier since we just need to visit POIs that are close to b, and we do not need

to visit d and e.

– Approximation loop end (line 11): In Figure 5.3 (c), since we have processed b, and

P ′remain = {c,d, e}, we select a’s closest POI in P ′remain, i.e., c, since dE(a, c) > ϵL,

it means a and c are far away, and it is unlikely to have a POI m that satisfies
2
ϵ · |Π

∗(a, c|C)| < dE(c,m), we end the approximation loop and terminate the

iteration.

(ii) Shortest paths calculation iteration (lines 4-20): In Figure 5.3 (d), we repeat the iter-
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ation, and calculate the exact shortest paths passing on C with c as a source (in orange

lines).

2) Shortest path query phase Given a pair of POIs s and t in P, Mpath and Mend, RC-

Oracle efficiently answers the associated shortest path Π(s, t|C) passing on C, which is a

(1+ ϵ)-approximated exact shortest path of Π∗(s, t|C) in O(1) time. Given a pair of POIs s

and t, there are two cases (s and t are interchangeable, i.e., ⟨s, t⟩ = ⟨t, s⟩):

(i) Exact shortest path retrieval: If ⟨s, t⟩ ∈ Mpath.key, we use ⟨s, t⟩ to retrieve Π∗(s, t|C)

as ΠRC-Oracle(s, t|C) in O(1) time. In Figures 5.3 (d) and (e), given a and d, since ⟨a,d⟩ ∈

Mpath.key, we retrieve Π∗(a,d|C).

(ii) Approximate shortest path retrieval: If ⟨s, t⟩ /∈Mpath.key, it means Π∗(s, t|C) is approx-

imated by two exact shortest paths passing on C in Mpath, and (a) either s or t is a key in

Mend, or (b) both s and t are keys in Mend. Without loss of generality, suppose that (a) s ex-

ists in Mend if either s or t is a key in Mend, or (b) the x- (resp. y-) coordinate of s is smaller

than or equal to t when Lx ⩾ Ly (resp. Lx < Ly) if both s and t are keys in Mend. For both

of two cases, we use the key s to retrieve the value s ′ in Mend in O(1) time, and then use

⟨s, s ′⟩ and ⟨s ′, t⟩ to retrieve Π∗(s, s ′|C) and Π∗(s ′, t|C) in Mpath in O(1) time. We then use

Π∗(s, s ′|C) and Π∗(s ′, t|C) as ΠRC-Oracle(s, t|C) to approximate Π∗(s, t|C). (a) In Figures 5.3

(d) and (e), given b and e, ⟨b, e⟩ /∈Mpath.key, and b is a key in Mend. So, we use the key b to

retrieve the value a in Mend. Then, in Mpath, we use ⟨b,a⟩ and ⟨a, e⟩ to retrieve Π∗(b,a|C)

and Π∗(a, e|C), for approximating Π∗(b, e|C). (b) In Figures 5.3 (d), (e) and (f), given b and

d, ⟨b,d⟩ /∈ Mpath.key, b and d are both keys in Mend, and Lx < Ly. So, we use the key b

with a smaller y-coordinate value to retrieve the value a in Mend. Then, in Mpath, we use

⟨b,a⟩ and ⟨a,d⟩ to retrieve Π∗(b,a|C) and Π∗(a,d|C), for approximating Π∗(b,d|C)).

5.2.4 Adaptation to RC-Oracle-A2A

We can adapt RC-Oracle (that answers the P2P query) to be RC-Oracle-A2A (that answers

the A2A query) on a point cloud C, by simply creating POIs that have the same coordinate

values as all points in C. We just need to pre-compute the exact shortest paths passing on

C between some selected (not all) pairs of points on C, so RC-Oracle-A2A also has a good

performance.
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5.2.5 Proximity Query Algorithms

Given a point cloud C, a set of n ′ objects O on C, a query object q ∈ O, a value k in

kNN query and a value r in range query, we can answer other proximity queries, i.e., the

kNN and range query using RC-Oracle and RC-Oracle-A2A. In the P2P query (resp. A2A

query), these objects are POIs in P (resp. any point on C). A naive algorithm is to perform

a linear scan using the shortest path query results. But, our efficient algorithm can reduce

the proximity query time. Intuitively, when constructing RC-Oracle or RC-Oracle-A2A, we

have used the SSAD algorithm to calculate the shortest paths passing on C with q as a

source and sorted these paths in ascending order based on their distance in Mpath (we

can use an additional table to store these sorted paths). For these paths, we do not need

to perform linear scans over all of them in proximity queries for time-saving. Since the

proximity query algorithms for RC-Oracle and RC-Oracle-A2A have similar ideas, we use

RC-Oracle as an example for illustration. Then, we give the notation, detail and example

(using kNN query with k = 1).

Notation: Let listu, listv, . . . be a set of lists, where each list stores a set of sorted paths

calculated by SSAD algorithm with one POI u, v, . . . as the source. Let Mlist be a hash table

that stores a set of key-value pairs. For each key-value pair, it stores an endpoint u as a

key, and the corresponding list listu as a value. u is the endpoint that we use as a source

to calculate the exact shortest paths passing on C. listu is the corresponding sorted paths.

In Figure 5.3 (d), we store Π∗(a,b|C), Π∗(a, c|C), Π∗(a,d|C) and Π∗(a, e|C) in order in lista.

We store Π∗(b, c|C) in listb. We store a as a key, and lista as a value in Mlist. We also store

b as a key, and listb as a value in Mlist.

Detail and example: There are two cases.

(1) Approximation needed in direct result return: If q ∈Mend.key, it means we need to use

two paths in Mpath to approximate some other paths in a later stage, we use the key q to

retrieve the value q ′ in Mend, there are two more cases. In Figures 5.3 (d) and (e), given b

as the query object, since b ∈ Mend.key, we use the key b to retrieve the value a in Mend,

there are two more cases.

(i) Linear scan: For the target objects with a smaller or same x- (resp. y-) coordinate

compared with q ′ when Lx ⩾ Ly (resp. Lx < Ly), we perform a linear scan on the shortest
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path query result between q and them. We maintain kNN or range query result. In Fig-

ures 5.3 (d) and (e), since Lx < Ly, the POI with a smaller or same y-coordinate compared

with a is {a}, we perform a linear scan on the shortest path query result between b and

{a}. The kNN result stores {Π∗(a,b|C)}.

(ii) Direct result return: For the target objects (not including q) with a larger x- (resp.

y-) coordinate compared with q ′ when Lx ⩾ Ly (resp. Lx < Ly), there are further more

two cases. In Figures 5.3 (d) and (e), since Lx < Ly, the POIs with a larger y-coordinate

compared with a are {c,d, e}, there are further more two cases.

• Direct result return without approximation: If the endpoint pairs of q and these target

objects are keys in Mpath, it means that we have used the SSAD algorithm with q as

a source for such objects and already sorted such paths in order in listq. We can use

q to retrieve listq in Mlist. We maintain kNN or range query result. In Figures 5.3 (d)

and (e), since ⟨b, c⟩ ∈ Mpath.key, we know that Π∗(b, c|C) is sorted in order in listb.

We use b to retrieve listb in Mlist. The sorted path in listb is Π∗(b, c|C). The kNN

result stores {Π∗(a,b|C)}.

• Direct result return with approximation: If the endpoint pairs of q and these target

objects are not keys in Mpath, it means that we have used the SSAD algorithm with

q ′ as a source for such objects and already sorted such paths in order in listq ′ . We

can use q ′ to retrieve listq ′ in Mlist. We just need to use the exact distance between q ′

and these target objects plus |Π∗(q ′,q|C)|, to get the approximate distance between

q and o. We maintain kNN or range query result. In Figures 5.3 (d) and (e), since

⟨b,d⟩ /∈Mpath.key and ⟨b, e⟩ /∈Mpath.key, we know that Π∗(a,d|C) and Π∗(a, e|C) are

sorted in order in lista. We use a to retrieve lista in Mlist. The sorted paths in lista are

Π∗(a,d|C) and Π∗(a, e|C). So, Π(b,d|C) and Π(b, e|C) are also sorted in order. The

kNN result stores {Π∗(a,b|C)}.

(2) Approximation not needed in direct result return: If q /∈Mend.key, it means we do need

to use two paths in Mpath to approximate all other paths in a later stage, there are two

more cases. In Figures 5.3 (d) and (e), given c as the query object, since c /∈Mend.key, there

are two more cases.
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(i) Linear scan: For the target objects with a smaller or same x- (resp. y-) coordinate

compared with q when Lx ⩾ Ly (resp. Lx < Ly), we perform a linear scan on the shortest

path query result between q and them. We maintain kNN or range query result. In Fig-

ures 5.3 (d) and (e), since Lx < Ly, the POIs with a smaller y-coordinate compared with c

are {a,b}, we perform a linear scan on the shortest path query result between c and {a,b}.

The kNN result stores {Π∗(a, c|C)}.

(ii) Direct result return: For the target objects with a larger x- (resp. y-) coordinate

compared with q when Lx ⩾ Ly (resp. Lx < Ly), we have used the SSAD algorithm with q

as a source for such objects and already sorted such paths in order in listq. We can use q

to retrieve listq in Mlist. We maintain kNN or range query result. In Figures 5.3 (d) and (e),

since Lx < Ly, the POIs with a larger y-coordinate compared with c are {d, e}, we know

that Π∗(c,d|C) and Π∗(c, e|C) are sorted in order in listc. We use c to retrieve listc in Mlist.

The sorted paths in listc are Π∗(c,d|C) and Π∗(c, e|C). The kNN result stores {Π∗(c,d|C)}.

5.2.6 Theoretical Analysis

1) Algorithm FastFly, RC-Oracle and RC-Oracle-A2A The analysis of Algorithm Fast-

Fly is in Theorem 5.2.1, and the analysis of RC-Oracle and RC-Oracle-A2A are in Theo-

rem 5.2.2.

Theorem 5.2.1 The shortest path query time and memory consumption of algorithm FastFly are

O(N logN) and O(N). Algorithm FastFly returns the exact shortest path passing on the point

cloud.

Proof. Since algorithm FastFly is a Dijkstra’s algorithm that returns the exact shortest

path and there are total N points, we finish the proof. □

Theorem 5.2.2 The oracle construction time, oracle size and shortest path query time of (i) RC-

Oracle are O(
N logN

ϵ + n logn), O(nϵ ), O(1) and (ii) RC-Oracle-A2A are O(
N logN

ϵ ), O(Nϵ ),

O(1), respectively. RC-Oracle always have |Π(s, t|C)| ⩽ (1+ϵ)|Π∗(s, t|C)| for any pairs of POIs s

and t in P, and RC-Oracle-A2A always have |ΠRC-Oracle-A2A(s, t|C)| ⩽ (1+ ϵ)|Π∗(s, t|C)| for any
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pairs of points s and t on C, where ΠRC-Oracle-A2A(s, t|C) is the shortest path of RC-Oracle-A2A

passing on C between s and t.

Proof. We give the proof for RC-Oracle as follows.

Firstly, we show the oracle construction time. (i) In POIs sort step, it needs O(n logn)

time. Since there are n POIs, and we use the quick sort for sorting. (ii) In shortest paths

calculation step, it needs O(
N logN

ϵ + n) time. Specifically, it needs to use O( 1
ϵ) POIs as

a source to run algorithm FastFly for the exact shortest paths calculation according to

standard packing property [40], and each algorithm FastFly needs O(N logN) time. For

other O(n) POIs that there is no need to use them as a source to run algorithm FastFly, we

just calculate the Euclidean distance from these POIs to other POIs in O(1) time for the

shortest paths approximation. (iii) So the oracle construction time is O(
N logN

ϵ +n logn).

Secondly, we show the oracle size. (i) For Mend, its size is O(n) since there are n POIs.

(ii) For Mpath, its size is O(nϵ ). We store O(nϵ ) exact shortest paths passing on C from O( 1
ϵ)

POIs (that uses algorithm FastFly as a source and cover all other POIs) to other O(n) POIs,

and O(n) exact shortest paths passing on C from O(n) POIs (that uses algorithm FastFly

as a source and cover only some of POIs) to other O(1) POIs. (iii) So the oracle size is

O(nϵ ).

Thirdly, we show the shortest path query time. (i) If Π∗(s, t|C) ∈Mpath, the shortest path

query time is O(1). (ii) If Π∗(s, t|C) /∈ Mpath, we need to retrieve s ′ from Mend using s

in O(1) time, and retrieve Π∗(s, s ′|C) and Π∗(s ′, t|C) from Mpath using ⟨s, s ′⟩ and ⟨s ′, t⟩ in

O(1) time, so the shortest path query time is still O(1). Thus, the shortest path query time

of RC-Oracle is O(1).

Fourthly, we show the error bound. Given a pair of POIs s and t, if Π∗(s, t|C) exists

in Mpath, then there is no error. Thus, we only consider the case that Π∗(s, t|C) does not

exist in Mpath. Suppose that u is a POI close to s, such that Π(s, t|C) is calculated by

concatenating Π∗(s,u|C) and Π∗(u, t|C). This means that 2
ϵ ·Π

∗(u, s|C) < dE(s, t). So we

have |Π∗(s,u|C)|+ |Π∗(u, t|C)| < |Π∗(s,u|C)|+ |Π∗(u, s|C)|+ |Π∗(s, t|C)| = |Π∗(s, t|C)|+ 2 ·

|Π∗(u, s|C)| < |Π∗(s, t|C)|+ ϵ · dE(s, t) ⩽ |Π∗(s, t|C)|+ ϵ · |Π∗(s, t|C)| = (1 + ϵ)|Π∗(s, t|C)|.

The first inequality is because of triangle inequality. The second equality is because of

|Π∗(u, s|C)| = |Π∗(s,u|C)|. The third inequality is because we have 2
ϵ ·Π

∗(u, s|C) < dE(s, t).
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The fourth inequality is because the Euclidean distance between two points is no larger

than the distance of the shortest path passing on the point cloud between the same two

points.

We give the proof for RC-Oracle-A2A as follows. We need to change (i) n to N in the

oracle construction time and oracle size, and (ii) any pairs of POIs in P to any pairs of

points on C in the error bound. □

2) The shortest path passing on a point cloud and the shortest surface or network path

passing on a TIN We show the relationship of |Π∗(s, t|C)| with |ΠN(s, t|T)| and |Π∗(s, t|T)|

in Lemma 5.2.1.

Lemma 5.2.1 Given a pair of points s and t on C, we have (i) |Π∗(s, t|C)| ⩽ |ΠN(s, t|T)| and (ii)

|Π∗(s, t|C)| ⩽ k ′ · |Π∗(s, t|T)|, where k ′ = max{ 2
sin θ , 1

sin θ cos θ }.

Proof. (i) In Figure 5.1 (a), given a green point q on C, it can connect with one

of its 8 neighbor points (7 blue points and 1 red point s). In Figure 5.1 (b), given a

green vertex q on T , it can only connect with one of its 6 blue neighbor vertices. So

|Π∗(s, t|C)| ⩽ |ΠN(s, t|T)|. (ii) We let ΠE(s, t|T) be the shortest path passing on the edges of

T (where these edges belong to the faces that Π∗(s, t|T) passes) between s and t. According

to left hand side equation in Lemma 2 of [46], we have |ΠE(s, t|T)| ⩽ k ′ · |Π∗(s, t|T)|. Since

ΠN(s, t|T) considers all the edges on T , |ΠN(s, t|T)| ⩽ |ΠE(s, t|T)|. Thus, we finish the proof

by combining these inequalities. □

3) Proximity query algorithms We provide analysis on the proximity query algorithms

using RC-Oracle and RC-Oracle-A2A. For the kNN and range query, both of them return a

set of objects. Given a query object q, we let vf (resp. v ′f) be the furthest object to q among

the returned objects calculated using the exact distance on C (resp. the approximated

distance on C returned by RC-Oracle). In Figure 1.1 (a), suppose that the exact k nearest

POIs (k = 2) of a is b, c. And b is the furthest POI to a in these two POIs, i.e., vf = b.

Suppose that our kNN query algorithm finds the k nearest POIs (k = 2) of a is c, d. And d

is the furthest POI to a in these two POIs, i.e., v ′f = d. We define the error ratio of the kNN
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and range query to be |Π∗(q,v ′f|C)|
|Π∗(q,vf|C)|

, which is a real number no smaller than 1. In Figure 1.1

(a), the error ratio is |Π∗(a,d|C)|
|Π∗(a,b|C)| . Then, we show the query time and error ratio of kNN and

range query using RC-Oracle and RC-Oracle-A2A in Theorem 5.2.3.

Theorem 5.2.3 The query time and error ratio of both the kNN and range query by using RC-

Oracle and RC-Oracle-A2A are both O(n ′) and 1 + ϵ, respectively.

Proof. We give the proof for RC-Oracle as follows.

Firstly, we show the query time of both the kNN and range query algorithm. Given a

query object, when we need to perform the kNN query or the range query, the worst case

is that we need to perform a linear scan to check the distance between this query object

to all other objects using the shortest path query phase of RC-Oracle in O(1) time. Since

there are total n ′ objects, the query time is O(n ′). However, the real query time is smaller

than O(n ′). This is because for most of the cases, we do not need to perform a linear scan

(since we have already sorted some distances in order during the construction phase of

RC-Oracle).

Secondly, we show the error ratio of both the kNN and range query algorithm for

RC-Oracle. We give some definitions first. For simplicity, given a query POI q ∈ P, (1)

we let X be a set of POIs which contains the exact (i) k nearest POIs of q or (ii) POIs

whose distance to q are at most r, calculated using the exact distance on C. Furthermore,

given a query POI q ∈ P, (2) we let X ′ be a set of POIs which contains (i) k nearest POIs

of q or (ii) POIs whose distance to q are at most r, calculated using the approximated

distance on C returned by RC-Oracle. In Figure 1.1 (a), suppose that the exact k nearest

POIs (k = 2) of a is b, c, i.e., X = {b, c}. Suppose that our kNN query algorithm finds

the k nearest POIs (k = 2) of a is c, d, i.e., X ′ = {c,d}. Recall that we let vf (resp. v ′f)

be the furthest object to q in X (resp. X ′), i.e., |Π∗(q, vf|C)| ⩽ max∀v∈X |Π∗(q, v|C)| (resp.

|Π∗(q, v ′f|C)| ⩽ max∀v ′∈X ′ |Π∗(q, v ′|C)|). We further let wf (resp. w ′f) be the furthest object

to q in X (resp. X ′) based on the approximated distance on C returned by RC-Oracle, i.e.,

|Π1(q,wf|C)| ⩽ max∀w∈X |Π1(q,w|C)| (resp. |Π1(q,w ′f|C)| ⩽ max∀w ′∈X ′ |Π1(q,w ′|C)|). Then,

we have α =
|Π∗(q,v ′f|C)|
|Π∗(q,vf|C)|

⩽
|Π1(q,v ′f|C)|
|Π∗(q,vf|C)|

⩽
|Π1(q,v ′f|C)|
|Π∗(q,wf|C)|

⩽
|Π1(q,w ′

f|C)|
|Π∗(q,wf|C)|

⩽
|Π1(q,w ′

f|C)|(1+ϵ)
|Π1(q,wf|C)|

⩽ 1 + ϵ.

The first equality is due to the error ratio of the kNN and range query, i.e., α =
|Π∗(q,v ′f|C)|
|Π∗(q,vf|C)|

.
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The second inequality is because the approximated distance on C returned by RC-Oracle

is always longer than the exact distance on C, i.e., |Π1(q, v ′f|C)| ⩾ |Π∗(q, v ′f|C)|. The third

inequality is because of the definition of vf and wf, i.e., |Π∗(q, vf|C)| ⩾ |Π∗(q,wf|C)|. The

fourth inequality is because of the definition of v ′f and w ′f, i.e., |Π1(q, v ′f|C)| ⩽ |Π1(q,w ′f|C)|.

The fifth inequality is because the error ratio of the approximated distance on C returned

by RC-Oracle is 1 + ϵ, i.e., |Π1(q,wf|C)| ⩽ (1 + ϵ)|Π∗(q,wf|C)|. The sixth inequality is

because of our kNN and range query algorithm, i.e., |Π1(q,w ′f|C)| ⩽ |Π1(q,wf|C)|.

We give the proof for RC-Oracle-A2A as follows. Since the shortest path query

time of RC-Oracle-A2A is the same as that of RC-Oracle, and RC-Oracle-A2A is also a

(1 + ϵ)-approximate shortest path oracle, its query time and error ratio of both the kNN

and range query algorithm is the same as that of RC-Oracle. □

5.3 Empirical Studies

5.3.1 Experimental Setup

We performed experiments on a Linux machine with 2.20 GHz CPU and 512GB memory.

We implemented algorithms in C++. Our experimental setup generally follows the setups

in the literature [45, 46, 51, 71, 72]. We conducted experiments with point clouds and TINs

as input, separately.

1) Datasets (i) Point cloud datasets: We conducted our experiment based on 34 (=

5+5+24) real point cloud datasets in Table 5.2, where the subscript p means a point cloud.

(a) 5 Original datasets: For BHp and EPp datasets, they are represented as a point cloud

with 8km × 6km covered region. We can remove outliers by identifying points far from

their neighbors. For GFp, LMp and RMp, we first obtained the satellite map from Google

Earth [3] with 8km× 6km covered region, and then used Blender [1] to generate the point

cloud. These five original datasets have a resolution of 10m × 10m [32, 51, 64, 71, 72]. We

extracted 500 POIs using OpenStreetMap [71, 72] for these datasets in the P2P query. (b)

5 Small-version datasets: They are generated using the same region as the original datasets,

with a (lower) 70m × 70m resolution, by following the dataset generation procedure (us-
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ing distribution) in studies [51, 71, 72]. This procedure can be found in [81]. (c) 24 Multi-

resolution datasets: They are generated using the same procedure with different numbers

of points. (ii) TIN datasets: Based on the 34 point cloud datasets, we triangulate [37] them

and generate another 34 TIN datasets, and use t as the subscript. Storing a point cloud

with 2.5M points needs 39MB, but storing a TIN converted from this point cloud needs

170MB.

Table 5.2. Point cloud datasets in the study of
proximity queries on point clouds
Name |N|
Original dataset

BearHead (BHp) [2, 71, 72] 0.5M
EaglePeak (EPp) [2, 71, 72] 0.5M
GunnisonForest (GFp) [5] 0.5M
LaramieMount (LMp) [8] 0.5M
RobinsonMount (RMp) [10] 0.5M

Small-version dataset
BHp-small 10k
EPp-small 10k
GFp-small 10k
LMp-small 10k
RMp-small 10k

Multi-resolution dataset
BHp multi-resolution 1M, 1.5M, 2M, 2.5M
EPp multi-resolution 1M, 1.5M, 2M, 2.5M
GFp multi-resolution 1M, 1.5M, 2M, 2.5M
LMp multi-resolution 1M, 1.5M, 2M, 2.5M
RMp multi-resolution 1M, 1.5M, 2M, 2.5M
EPp-small multi-resolution 20k, 30k, 40k, 50k

2) Algorithms (i) Algorithms that support the shortest path query (and also other prox-

imity queries) on a point cloud (i.e., algorithms for solving the problem studied in this

paper): We adapted existing algorithms, originally designed for the problem on TINs, for

our problem on point clouds by converting the point cloud to a TIN (using the points of

the point cloud as the vertices of the TIN, and triangulate [37] these vertices to create faces

of the TIN) [59, 65, 86] so that existing algorithms could be used. Their algorithm names

are appended by “-Adapt”. We have four on-the-fly algorithms, i.e., (a) CH-Adapt [25]: the

best-known adapted TIN exact shortest surface path query algorithm, (b) Kaul-Adapt [45]:

the best-known adapted TIN approximate shortest surface path query algorithm, (c) Dijk-
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Adapt [46]: the best-known adapted TIN approximate shortest network path query al-

gorithm, and (d) FastFly: our algorithm. We have four oracles, i.e., (e) SE-Oracle-Adapt:

the best-known adapted TIN oracle [71, 72] for the P2P query on a point cloud, (f) EAR-

Oracle-Adapt: the best-known adapted TIN oracle [43] for the A2A query on a point cloud,

(g) RC-Oracle-Naive: the naive version of our oracle RC-Oracle without shortest paths ap-

proximation step, and (h) RC-Oracle: our oracle. We compare them in Table 5.3. RC-Oracle

is the best oracle and algorithm FastFly is the best on-the-fly algorithm. For on-the-fly al-

gorithms, we cannot run them in parallel (i.e., using a distributed implementation), since

we only execute them once for one source. For oracles, we can run them in parallel for

faster processing, since we execute them multiple times for different sources. But, for the

comparison fairness for on-the-fly algorithms, we do not run oracles in parallel.

Table 5.3. Comparison of algorithms (support the shortest path query) on a point
cloud regarding RC-Oracle
Algorithm Oracle construction time Oracle size Shortest path query time Error
Oracle-based algorithm

SE-Oracle-Adapt [71, 72] O(nN2

ϵ2β + nh
ϵ2β

+nh logn)
Large O( nh

ϵ2β ) Medium O(h2) Small Small

EAR-Oracle-Adapt [43]
O(λξ(mN)2 + N3

ϵ2β

+ Nh
ϵ2β +Nh logN)

Large
O(λmN

ξ

+ Nh
ϵ2β )

Large O(λξ log(λξ)) Medium Small

RC-Oracle-Naive O(nN logN+n2) Medium O(n2) Large O(1) Tiny Small
RC-Oracle (ours) O (N logN

ϵ + n log n) Small O (nϵ ) Small O (1) Tiny Small
On-the-fly algorithm

CH-Adapt [25] - N/A - N/A O(N2) Large Small
Kaul-Adapt [45] - N/A - N/A O(γ logγ) Large Small
Dijk-Adapt [46] - N/A - N/A O(N logN) Medium Medium
FastFly (ours) - N/A - N/A O (N log N) Medium No error

Remark: n << N, h is the compressed partition tree’s height, β is the largest capacity
dimension [71, 72], λ is the number of highway nodes in one square, ξ is the number of
boxes under square root, m is the number of Steiner points on each face, θ is the minimum
angle of the face in the TIN, lmax (resp. lmin) is the longest (resp. shortest) length of edges
in TIN, and γ = lmaxN

ϵlmin
√

1−cosθ
.

(ii) Algorithms that support the shortest path query (and also other proximity queries)

on a TIN (i.e., algorithms for solving the problem studied by previous studies [43, 71, 72]):

We adapted our algorithms on point cloud by converting the TIN to a point cloud (using

the vertices of the TIN as the points of the point cloud) [52] so that our algorithms could

be used. We store the point cloud as a data structure in the memory and clear the given

TIN from the memory. Similarly, we have four on-the-fly algorithms, i.e., (a) CH [25],

(b) Kaul [45], (c) Dijk [46], (d) FastFly-Adapt: our adapted algorithm. We have four oracles,

i.e., (e) SE-Oracle [71, 72], (f) EAR-Oracle [43], (g) RC-Oracle-Naive-Adapt: the adapted naive
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version of our oracle without shortest paths approximation step, and (h) RC-Oracle-Adapt:

our adapted oracle.

3) Query generation We conducted all proximity queries, i.e., (i) shortest path query,

(ii) kNN query and (iii) range query. (i) For the shortest path query, we issued 100 query

instances where for each instance, we randomly chose two points (a) in P for the P2P query

on a point cloud or a TIN, or (b) on the point cloud (resp. TIN) for the A2A query on a point

cloud (resp. the AR2AR query on a TIN), one as a source and the other as a destination.

The average, minimum and maximum results were reported. In the experimental result

figures, the vertical bar and the points mean the minimum, maximum and average results.

(ii & iii) For kNN query and range query, we perform the proximity query algorithm for

RC-Oracle in Chapter 5.2.5 and a linear scan for other baselines (as described in [72]) using

all objects as query objects. In the P2P query on a point cloud or a TIN, these objects are

POIs in P. In the A2A query on a point cloud (resp. the AR2AR query on a TIN), we

randomly select 2500 points on the point cloud (resp. TIN) as objects. Since we perform

linear scans or use the sorted distance stored in Mpath for proximity query algorithms, the

value of k and r will not affect their query time, we set k = 3 and r = 1km.

4) Factors and measurements We studied three factors for the P2P query, namely (i) ϵ

(i.e., the error parameter), (ii) n (i.e., the number of POIs), and (iii) N (i.e., the number of

points or vertices in a point cloud or TIN dataset). We studied one factor ϵ for the A2A

query. In addition, we used nine measurements to evaluate the algorithm performance,

namely (i) oracle construction time, (ii) memory consumption (i.e., the space consumption

when running the algorithm), (iii) oracle size, (iv) query time (i.e., the shortest path query

time), (v & vi) kNN or range query time, (vii) distance error ratio (i.e., the distance error ratio

of the algorithm compared with the exact algorithm), and (viii & xi) kNN or range query

error ratio (i.e., the error ratio of the kNN or range query defined in Chapter 5.2.6 (3)).

5.3.2 Experimental Results for TINs

We first study proximity queries on TINs (studied by previous studies [43, 71, 72]) to jus-

tify why our proximity queries on point clouds are useful in practice. We have the following

settings. (1) The distance of the path calculated by CH is used for distance error ratio cal-

culation since the path is the exact shortest surface path passing on the TIN. (2) SE-Oracle,
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EAR-Oracle and RC-Oracle-Naive-Adapt are impractical on large-version datasets due to

their expensive oracle construction time (more than 24 hours), so we (i) compared SE-

Oracle, EAR-Oracle, RC-Oracle-Naive-Adapt, RC-Oracle-Adapt, CH, Kaul, Dijk and FastFly-

Adapt on small-version datasets (with default 50 POIs for the P2P query), and (ii) com-

pared RC-Oracle-Adapt, CH, Kaul, Dijk and FastFly-Adapt on large-version datasets (with

default 500 POIs for the P2P query). (3) The data conversion time from a TIN to a point

cloud, and then to a point cloud graph of FastFly-Adapt, RC-Oracle-Naive-Adapt and RC-

Oracle-Adapt is only counted once (i) in the shortest path query time, the kNN and range

query time for FastFly-Adapt, and (ii) in the oracle construction time for RC-Oracle-Adapt

and RC-Oracle-Naive-Adapt. (4) The data conversion time from a TIN to a TIN graph of

Dijk is also only counted once in its shortest path query time, the kNN and range query

time.

1) Baseline comparisons We study the effect of ϵ and n for the P2P query on a TIN in

this subsection. We study the effect of N for the P2P query, and the comparisons for the

AR2AR query on a TIN in [81].

Effect of ϵ for the P2P query on a TIN: In Figure 5.5, we tested 6 values of ϵ in {0.05,

0.1, 0.25, 0.5, 0.75, 1} on BHp-small dataset by setting N to be 10k and n to be 50 for base-

line comparisons. Although a TIN is given as input, RC-Oracle-Adapt performs better than

SE-Oracle, EAR-Oracle and RC-Oracle-Naive-Adapt concerning the oracle construction time,

oracle size and shortest path query time. The shortest path query time of FastFly-Adapt is

100 times smaller than that of CH (although FastFly-Adapt needs to convert the given TIN

to a point cloud, and there are no other additional steps for CH), since the query region of

the path calculated by FastFly-Adapt is smaller than that of CH. The distance error ratio of

FastFly-Adapt (i.e., 0.008) is very small compared with that of CH (i.e., without error), and

much smaller than that of Dijk (i.e., 0.1). This means that the shortest distance on a point

cloud (resp. the shortest network distance on a TIN) is 1.002 (resp. 1.1) times larger than

the shortest surface distance on a TIN. This motivates us to conduct experiments on point

clouds. The kNN query error ratio and range query error ratio are all equal to 1, meaning

that there is no error (since the distance error ratio is small, |Π∗(q, v ′f|C)| = |Π∗(q, vf|C)| in

the error ratio of the kNN and range query defined in Chapter 5.2.6 (3), although the the-

oretical error ratios are 1 + ϵ in Theorem 5.2.3), so their results are omitted. We provided
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some selected metrics performance figures, the full sets of metrics performance figures

in [81].

Effect of n for the P2P query on a TIN: In Figure 5.6, we tested 5 values of n in {50,

100, 150, 200, 250} on EPt dataset by setting N to be 10k and ϵ to be 0.1 for baseline com-

parisons. In Figure 5.6 (a), as n increases, the construction time of all oracles increases. In

Figure 5.6 (b), as n increases, the memory consumption of RC-Oracle-Adapt exceeds that

of Dijk and FastFly-Adapt. This is because (i) RC-Oracle-Adapt is an oracle which is affected

by n, it needs more memory consumption during the oracle construction phase to calcu-

late more shortest paths among these POIs as n increases, but (ii) Dijk and FastFly-Adapt

are on-the-fly algorithms which are not affected by n, their memory consumption only

measures the space consumption for calculating one shortest path.
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Figure 5.5. Baseline comparisons (effect of ϵ on BHt-small TIN dataset for the P2P query)
regarding RC-Oracle-Adapt
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Figure 5.6. Baseline comparisons (effect of n on EPt-small TIN dataset for the P2P query)
regarding RC-Oracle-Adapt
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5.3.3 Experimental Results for Point Clouds

Now, we understand the effectiveness of proximity queries on point clouds. In this sec-

tion, we then study proximity queries on point clouds using the algorithms in Table 5.3.

We have the following setting. (1) The distance of the path calculated by FastFly is used

for distance error ratio calculation since the path is the exact shortest path passing on

the point cloud. (2) SE-Oracle-Adapt, EAR-Oracle-Adapt and RC-Oracle-Naive are imprac-

tical on large-version datasets due to their expensive oracle construction time (more than

24 hours), so we (i) compared SE-Oracle-Adapt, EAR-Oracle-Adapt, RC-Oracle-Naive, RC-

Oracle, CH-Adapt, Kaul-Adapt, Dijk-Adapt and FastFly on small-version datasets (with de-

fault 50 POIs for the P2P query), and (ii) compared RC-Oracle, CH-Adapt, Kaul-Adapt, Dijk-

Adapt and FastFly on large-version datasets (with default 500 POIs for the P2P query). (3)

Since algorithm FastFly uses the Dijkstra algorithm on a point cloud graph, it is the same

as the shortest path algorithm on a general graph (converted from the given point cloud),

we do not (and there is no need to) compare them in the experiment. But, there is no ex-

isting study discussing how to build a point cloud graph from the point cloud. We fill this

gap by proposing algorithm FastFly. (4) The data conversion time from a point cloud to a

point cloud graph of FastFly, RC-Oracle-Naive and RC-Oracle is only counted once (i) in the

shortest path query time, the kNN and range query time for FastFly, and (ii) in the oracle

construction time for RC-Oracle and RC-Oracle-Naive. (5) The data conversion time from

a point cloud to a TIN is also only counted once (i) in the shortest path query time, the

kNN and range query time for CH-Adapt and Kaul-Adapt, and (ii) in the oracle construc-

tion time for SE-Oracle-Adapt and EAR-Oracle-Adapt. (6) The data conversion time from a

point cloud to a TIN, and then to a TIN graph of Dijk-Adapt is also only counted once in

its shortest path query time, the kNN and range query time.

1) Baseline comparisons We study the effect of ϵ, n and N for the P2P query on a point

cloud, and the comparisons for the A2A query on a point cloud in this subsection.

Effect of ϵ for the P2P query on a point cloud: In Figure 5.7, we tested 6 values of ϵ

in {0.05, 0.1, 0.25, 0.5, 0.75, 1} on EPp-small dataset by setting N to be 10k and n to be 50

for baseline comparisons. (i) The oracle construction time and memory consumption of

RC-Oracle is smaller than the best-known adapted TIN oracle SE-Oracle-Adapt, since SE-

Oracle-Adapt has the loose criterion for algorithm earlier termination drawback, it cannot ter-
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minate the SSAD algorithm earlier, so it requires more time and memory. The oracle size

of RC-Oracle is smaller than SE-Oracle-Adapt, since RC-Oracle can terminate the SSAD al-

gorithm earlier and store fewer paths. The shortest path query time of RC-Oracle is smaller

than SE-Oracle-Adapt, since RC-Oracle’s shortest path query time is O(1), while the time

is O(h2) for SE-Oracle-Adapt. (ii) RC-Oracle performs better than other on-the-fly algo-

rithms concerning the shortest path query time since it is an oracle. (iii) Algorithm FastFly

performs better than other on-the-fly algorithms concerning the shortest path query time

since it calculates the shortest path passing on a point cloud. (iv) In Figures 5.7 (a) and

(b), regarding the oracle construction time and memory consumption, the variation of ϵ

has a large effect on RC-Oracle, but due to the log scale used in the experimental figures,

the effect is not obvious (e.g., the oracle construction time and memory consumption of

RC-Oracle with ϵ = 1 are both up to 5 times smaller than that of the case when ϵ = 0.05).

The variation of ϵ has a small effect on SE-Oracle-Adapt and EAR-Oracle-Adapt, because

even when ϵ is large, they cannot terminate the SSAD algorithm earlier for most of the

cases due to their loose criterion for algorithm earlier termination drawback. The variation of

ϵ has no effect on RC-Oracle-Naive since it is independent of ϵ. (v) The kNN and range

query time of RC-Oracle are very small. (vi) The distance error ratio of RC-Oracle is close

to 0.
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Figure 5.7. Baseline comparisons (effect of ϵ on EPp-small point cloud dataset for the P2P
query) regarding RC-Oracle

Effect of n for the P2P query on a point cloud: In Figure 5.8, we tested 5 values of n

in {500, 1000, 1500, 2000, 2500} on GFp dataset by setting N to be 0.5M and ϵ to be 0.25 for

baseline comparisons. Since RC-Oracle is an oracle, its shortest path query time is small.

Effect of N (scalability test) for the P2P query on a point cloud: In Figure 5.9, we
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Figure 5.8. Baseline comparisons (effect of n on GFp point cloud dataset for the P2P query)
regarding RC-Oracle

tested 5 values of N in {0.5M, 1M, 1.5M, 2M, 2.5M} on LMp dataset by setting n to be 500

and ϵ to be 0.25 for baseline comparisons. The oracle construction time of RC-Oracle is only

200s ≈ 3.2 min for a point cloud with 2.5M points and 500 POIs, this shows the scalable of

RC-Oracle. The kNN query time of RC-Oracle (O(n ′ · n ′ = n ′2) in Theorem 5.2.3, since we

use all objects as query objects) is the smallest.
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Figure 5.9. Baseline comparisons (effect of N on LMp point cloud dataset for the P2P
query) regarding RC-Oracle

A2A query on a point cloud: In Figure 5.10, we tested the A2A query by varying ϵ

in {0.05, 0.1, 0.25, 0.5, 0.75, 1} and setting N to be 10k on a small-version of EPp dataset.

We adapt SE-Oracle-Adapt (resp. RC-Oracle-Naive) to be SE-Oracle-Adapt-A2A (resp. RC-

Oracle-Naive-A2A) in a similar way to RC-Oracle-A2A. Although EAR-Oracle-Adapt is re-

garded as the best-known adapted TIN oracle in the A2A query on a point cloud, RC-

Oracle-A2A still performs more efficiently than it due to the loose criterion for algorithm

earlier termination drawback of EAR-Oracle-Adapt.

2) Ablation study for the P2P query on a point cloud We denote SE-Oracle-FastFly-

Adapt (resp. EAR-Oracle-FastFly-Adapt) to be another adapted oracle of SE-Oracle-Adapt
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Figure 5.10. Baseline comparisons on EPp point cloud dataset for the A2A query regarding
RC-Oracle-A2A

(resp. EAR-Oracle-Adapt) that uses algorithm FastFly to directly calculate the shortest path

passing on a point cloud without converting it to a TIN. In Figure 5.11, we tested 6 values

of ϵ in {0.05, 0.1, 0.25, 0.5, 0.75, 1} on RMp dataset by setting N to be 0.5M and n to be 500 for

ablation study among SE-Oracle-FastFly-Adapt, EAR-Oracle-FastFly-Adapt and RC-Oracle,

such that they only differ by the oracle construction. The oracle construction time, oracle

size and shortest path query time of RC-Oracle perform better than the two baselines.
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Figure 5.11. Ablation study on RMp point cloud dataset for the P2P query regarding
RC-Oracle

3) Comparisons with other proximity queries oracle and algorithm on a point cloud

We compared RC-Oracle using our efficient proximity query algorithm with SU-Oracle-

Adapt (i.e., the oracle designed for the kNN query) and RC-Oracle using the naive proxim-

ity query algorithm in [81]. For a point cloud with 2.5M points and 500 objects, the kNN

query time of RC-Oracle using our efficient proximity query algorithm is 12.5s, but the

time is 1520s ≈ 25 min for SU-Oracle-Adapt, and 25s for RC-Oracle using the naive prox-

imity query algorithm (since the shortest path query time of RC-Oracle is O(1), and we

do not need to perform linear scans over all the objects in our efficient proximity query
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algorithm).

4) Case study We performed a case study on the wildfire evacuation in Santa Monica

Mountains National Recreation Area in Chapter 1. When the wildfire just starts, we cap-

ture the newest point cloud, and then we construct the oracle. In Figure 1.1 (a), when the

number of tourists is large and the capacity of each shelter/hotel is limited, only finding

the shortest path from each viewing platform to its nearest shelter/hotel is not enough,

we need to find the shortest paths (in blue and yellow lines) from POI a (one of the view-

ing platforms) to its k-nearest POIs b to d (k-nearest shelters/hotels). In Figures 1.1 (d),

POIs b and c are the k-nearest POIs to POI a where k = 2. The average distance between

the viewing platforms and hotels in Santa Monica Mountains National Recreation Area

is 11.2km [4], and the average car driving speed is 90km/h, so the evacuation can be fin-

ished in 7.4(= 11.2km×60min/h
90km/h ) min. Our experimental results show that for a point cloud

with 2.5M points and 500 POIs (250 viewing platforms and 250 shelters/hotels), the oracle

construction time for (i) RC-Oracle is 200s ≈ 3.2 min and (ii) the best-known adapted TIN

oracle SE-Oracle-Adapt is 78,000s ≈ 21.7 hours. The query time for calculating 10 near-

est shelters/hotels of each viewing platform for (i) RC-Oracle is 6s, (ii) SE-Oracle-Adapt is

75s, (iii) the best-known adapted TIN on-the-fly approximate shortest surface path query

algorithm Kaul-Adapt is 80,500s≈ 22.5 hours and (iv) FastFly is 2,000s≈ 33 min. Thus, RC-

Oracle is the best one in the evacuation since 3.2 min + 6s < 7.4 min < 33 min < 21.7 hours

+ 75s < 22.5 hours. RC-Oracle also supports real-time responses, i.e., it can construct the

oracle in 0.4s and answer the kNN query and range query in both 7 ms on a point cloud

with 10k points and 250 POIs.

5) Path visualization Given a point cloud, Figure 5.12 (a) shows the shortest path pass-

ing on a point cloud calculated by algorithm FastFly, and Figure 5.12 (b) (resp. Figure 5.12

(c)) shows the shortest surface (resp. network) path passing on a TIN (constructed by

the point cloud) calculated by algorithm CH-Adapt (resp. Dijk-Adapt). The paths in Fig-

ures 5.12 (a) and (b) are similar, but calculating the former path is much faster than the

latter path, since the query region of the former path is smaller than the latter path. The

path in Figure 5.12 (c) has a larger error than the path in Figure 5.12 (a). Given a TIN,

Figure 5.12 (a) shows the shortest path passing on a point cloud (constructed by the TIN)

calculated by algorithm FastFly-Adapt, and Figure 5.12 (b) (resp. Figure 5.12 (c)) shows the
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shortest surface (resp. network) path passing on a TIN calculated by algorithm CH (resp.

Dijk).

(a) (b)

s

t

s

t

s

t
(c)

Remark: (a) The shortest path passing on a point cloud, the short-
est (b) surface and (c) network path passing on a TIN.

Figure 5.12. The shortest path passing on a point cloud, the shortest surface and network
path passing on a TIN

6) Summary Concerning the oracle construction time, oracle size and proximity (e.g.,

kNN) query time, RC-Oracle with the proximity query algorithm is up to 390 times, 30

times and 12 times better than the best-known adapted TIN oracle SE-Oracle-Adapt for

the P2P query on a point cloud, respectively. RC-Oracle-A2A with the proximity query

algorithm is up to 500 times, 140 times and 50 times better than the best-known adapted

TIN oracle EAR-Oracle-Adapt for the A2A query on a point cloud, respectively. For the P2P

query on a point cloud with 2.5M points and 500 POIs, these values for RC-Oracle are 200s

≈ 3.2 min, 50MB and 12.5s, but the values for SE-Oracle-Adapt are 78,000s ≈ 21.7 hours,

1.5GB and 150s, respectively. For the A2A query on a point cloud with 100k points and

5000 objects, these values for RC-Oracle-A2A are 100s ≈ 1.6 min, 150MB and 0.25s, but the

values for EAR-Oracle-Adapt are 50,000s ≈ 13.9 hours, 21GB and 25s, respectively.
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CHAPTER 6

CONCLUSION

In this thesis, we present three studies. Firstly, we study shortest path queries on a

weighted TIN using an on-the-fly algorithm. Secondly, we study shortest path queries

on an updated TIN using an oracle. Thirdly, we study proximity queries on a point cloud

using an oracle.

For the first study, we propose an efficient (1+ϵ)-approximate on-the-fly shortest path

algorithm of two points on a weighted TIN, called algorithm Roug-Ref. Our experimental

results show that algorithm Roug-Ref is up to 1,630 times and 40 times better than the

best-known algorithm on a weighted TIN concerning the query time and memory usage,

respectively. In our future work, we can investigate how to introduce a new pruning step

(by considering other geometric information of the weighted TIN) to further reduce the

algorithm’s query time. Currently, we consider Snell’s law, face weight, internal angle and

edges’ length of the weighted TIN. Some other geometric information about the weighted

TIN, e.g., the shortest network path that passes on the edges of the weighted TIN may be

useful for additional pruning since it is computationally efficient.

For the second study, we propose an efficient (1 + ϵ)-approximate shortest path oracle

of a set of POIs on an updated TIN, called UP-Oracle. We adapt UP-Oracle to the case if

POIs are not given as input. We also adapt UP-Oracle for handling subsequent changes

and to a multi-layer structure. Our experimental results show that when POIs are given

(resp. not given) as input, UP-Oracle is up to 88 times, 12 times and 3 times (resp. 15 times,

50 times and 100 times) better than the best-known oracle on a TIN concerning the oracle

update time, output size and shortest path query, respectively. In our future work, we can

introduce a new pruning step (by reducing the likelihood of using algorithm SSAD when

updating UP-Oracle through reducing the disk radius in the non-updated TIN shortest path

intact property) to further reduce the oracle update time. Currently, the disk radius is half

of the distance between the two endpoints, and it is fixed for all cases. We may use a

smaller value for different cases for efficient pruning.
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For the third study, we propose an efficient (1+ ϵ)-approximate shortest path oracle of

a set of POIs on a point cloud, called RC-Oracle. We adapt RC-Oracle to the case if POIs are

not given as input. With the assistance of RC-Oracle, we also propose algorithms for an-

swering other proximity queries, i.e., the kNN and range query. Our experimental results

show that when POIs are given (resp. not given) as input, RC-Oracle with the proximity

query algorithm is up to 390 times, 30 times and 12 times (resp. 500 times, 140 times and

50 times) better than the best-known adapted TIN oracle concerning the oracle construc-

tion time, oracle size and proximity (e.g., kNN) query time, respectively. In our future

work, we can investigate how to build a novel oracle designed for the kNN and range

query to avoid storing unnecessary shortest path information in the oracle. Currently, we

first need to build the whole RC-Oracle, and then we can answer kNN and range queries

based on RC-Oracle. We may only store the nearest neighbor POI information of each POI

in the oracle, and then use this information to gradually expand the searching region to

answer kNN and range queries.

Apart from the future work related to these studies, we can also use large language

models for the TIN or the point cloud shortest path query as future work. To the best of

our knowledge, there is no existing study about this. We may use large language models

for faster path querying. Then, in the case of a disaster, we can perform the evacuation

more efficiently.
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